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Chapter 1 

Introduction 



The possible existence of more dimensions than those directly accessible to our senses has 
always fascinated mankind. They have spurred the imagination of many writers who have 
speculated about how to reach them, their nature and possible applications. Interesting as it 
would be, we will not take this path in this work; instead we will divert our attention to a 
more scientific point of view, namely what can we say about extra dimensions by using the 
scientific knowledge we have accumulated trough time. In the next lines we show, very briefly, 
the origin and evolution of the ideas related with extra dimensions. Finally, we sketch their 
present state to situate our work in context 1 . 

The extra dimensions are a relatively old idea among the scientific community. Its origins 
can be traced back to the year 1912 when the Finnish physicist Gunnar Nordstrom proposed 
a relativistic extra dimensional theory that described simultaneously gravity and electromag- 
netism. At that moment the general theory of relativity was not developed and therefore the 
geometric origins of gravity were not unveiled. Before Einstein, Nordstrom had developed a 
relativistic theory of gravitation based on the existence of a scalar potential, 4> \ ne unified 
this theory with the electromagnetism. 

The ideas of Nordstrom were strongly influenced by Maxwell's theory of electromagnetism, 
which unified elegantly electric and magnetic phenomena by describing the electric and mag- 
netic fields as components of a single six-component antisymmetric tensor, F^, while the 
corresponding potentials were unified into a four dimensional vector, A^. It became clear 
through Minkowski's work that the unification of electricity and magnetism entailed a unifi- 
cation of space and time in a four dimensional space-time. Nordstrom followed this reasoning 
and added an extra dimension to this space-time; the vectors of this new manifold allowed 
for one more scalar field that Nordstrom proposed to be precisely his gravity potential, <fi. 
The action was taken to be the five dimensional version of electromagnetism, now built from 
the antisymmetric tensor F a p, where a, (3 = 0, 1, ... ,4. Of course, the fifth dimension needed 
to be different from the rest, hence it was assumed to have a topology drastically different 
compared with the other four, and it was compactified on a circumference, i.e. the values 
of the coordinates in the fifth dimension were restricted. This topology allowed a Fourier 
expansion of the fields and when only the fundamental mode of each field was considered a 
four dimensional theory of electromagnetism and gravity emerged. In other words, Nordstrom 
showed that gravitation and electromagnetism could be understood as two different faces of a 
five dimensional electromagnetism. 

x Part of the contents of this section has been extracted from 
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It was in 1915 when Einstein proposed his awe-inspiring relativistic theory of gravitation, 
the "general theory of relativity" , in which gravity is understood as geometrical deformations 
of the underlying space-time. In 1919, the mathematician Theodor Kaluza showed that a 
five dimensional theory of gravity, with the action taken as the Einstein-Hilbert action, would 
manifest itself as the electromagnetism and the gravity in a four dimensional world. In 1926, 
the same year Schrodinger proposed his famous equation, Oskar Klein and the Russian physi- 
cist H. Mandel independently rediscovered Kaluza's theory. They hoped this theory would 
underlie the quantum theory that at that moment was still under construction. 

These first steps into the fifth dimension were rather hesitant. It was viewed as a mathe- 
matical trick that allowed a more concise formulation of the laws of Nature but was completely 
void of any physical interpretation. In addition, it posed a number of problems: the correct 
four dimensional limit was recovered when only the fundamental Fourier mode was retained, 
the so called cylindricity condition, and it was unclear the role of the rest of the modes, the 
reason why some fields must be constant was also obscure, just to cite some. 

The discovery of new interactions, other than electromagnetism and gravitation, compli- 
cated more the overall picture: using a single extra dimension as a means of reaching a unified 
description was unnatural, because it was not able to accommodate the strong and weak forces. 
The latter were described by a class of theories called non-Abelian gauge theories, proposed by 
Yang and Mills in 1954, which became widely accepted in the seventies. Yang-Mills theories 
could be incorporated within an extra dimensional framework, at the price of extending the 
number of additional dimensions; but this could not be done straightforwardly, and posed a 
number of difficulties that had to be overcome. At this point the extra dimensions were still 
useful for grouping together equations in a unified mathematical framework, but had acquired 
a great degree of complexity, while not being predictive and presenting serious theoretical 
problems. 

In the next years the interpretation of the extra dimensions changed, in the sense that they 
were given a physical meaning. It was due to the development of new theories; supergravity 
and string theory, where the extra dimensions played a key role. Both kind of theories provided 
a promising framework for achieving a quantum description of gravity. The natural energy 
scale for these theories is the Planck mass, 1.2 10 19 GeV • c 2 , that is completely out of reach 
for the current particle accelerators. Nevertheless, in some string scenarios this energy scale 
can be as low as a few TeV what suggests that the associated phenomenology can be more 
accessible to observation. 

In recent years, extra-dimensional quantum field theories have received a great deal of 
attention. On one hand, the recent interest is because the scale at which the extra dimensional 
effects can be relevant could be around a few TeV, even hundreds of GeV in some cases, clearly 
a challenging possibility for the next generation of accelerators. On the other hand, this new 
point of view has permitted to study many long-standing problems in physics from this new 
perspective. These problems cover many different fields of particle physics: the hierarchy 
problem, new neutrino physics, the masses of the fermions, the number of generations in 
SM, possible modifications in the running of the coupling constants, new candidates for dark 
matter, etc. 

Extra dimensional theories offer a wide variety of scenarios and therefore have a rich 
phenomenology. For instance, in some scenarios (large extra dimensions) only the gravity 
field can probe the extra dimensions. In others gravity is not considered and only boson fields 
are allowed to propagate through the extra dimensions. Another possibility is to allow all the 
fields present in the theory to feel the extra dimensions (universal extra dimensions). 
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One of the reasons why this latter scenario is particularly interesting is because the correc- 
tions to the SM predictions appear for the first time at the one-loop level. As a consequence, 
the modifications to precision observables are small, what implies that the scale of this theory 
can be as low as hundreds of GeV. The fact that these models do not give any tree-level 
contribution, is due to the conservation of the so called Kaluza-Klein (KK) number (strictly, 
it is not a conserved number in the usual sense). Most of this thesis is devoted to study the 
phenomenology of theories with one universal extra dimension. 

In particular, in chapter [2] we show how to treat the different fields (scalars, fermions 
and vector bosons) in an extra-dimensional quantum field theory formalism. The concept of 
dimensional reduction is introduced and we show how to obtain a four dimensional Lagrangian 
from the expression of the Lagrangian in 4 + 5 dimensions. We also show how the extra 
dimensional fields are transformed into an infinite number of four- dimensional fields (the 
so called KK towers) with the same quantum numbers associated to all. By studying the 
low energy limit of these theories we stress the relevance of selecting a suitable topology 
for the compactified dimensions since different topologies have associated different degrees 
of freedom in this limit. We show that the orbifold topology selects the correct low energy 
degrees of freedom; specifically, it is possible to obtain chiral fermion fields and to remove the 
extra dimensional components of the vector fields in the low energy spectrum. Interacting 
theories are studied to demonstrate explicitly the KK number conservation, which is related 
to the local extra-dimensional Lorentz invariance of the theory and has a deep impact on the 
phenomenology of theories with universal extra dimensions. 

In chapter we use the ideas developed previously to construct an extra dimensional 
model that reduces to SM in the low-energy limit. We study the phenomenology of this model 
and focus on the observables that display a strong dependence on the mass of the top-quark 
because in this case the deviations from the SM predictions are more important. We compute 
the radiative corrections for the Z — » bb decay, b — > sj, the B° — B mixing and the p 
parameter, and study their consequences. 

In chapter Q] we construct in detail the latticized version of the previous model, i.e. the 
version in which the extra dimension is discretized. Latticized as well as deconstructed mod- 
els were devised as ultraviolet completions of the extra dimensional models. The latter are 
not renormalizable because the coupling constants have dimensions of mass to some negative 
power. This is suggesting that they must be understood as low energy effective manifes- 
tations of a more complete theory. Models with deconstructed extra dimensions are usual 
four-dimensional theories, which, due to the special nature of the interactions present in the 
Lagrangian, display an extra dimensional behaviour in certain range of energies. These kind 
of models have received a great deal of interest because in some of their extensions the Higgs 
boson is a pseudo-Goldstone boson, what would explain why it is so light and stable against 
radiative corrections. This models are very similar to latticized models. The latter are still 
non-renormalizable but they can be understood as usual four- dimensional cr-models, and all 
the known possible ultraviolet completions for the cr-models can be applied now. In this thesis 
we study part of the phenomenology of the models with one latticized extra dimension. 

The next chapter is devoted to investigate the modification of the running of the coupling 
constants in models with (continuous) extra dimensions. It has been pointed out that in extra 
dimensional theories the running can be accelerated, i.e. the dependence with the energy 
scale is not logarithmic, as usual, but can be power-like. This change could have as a major 
consequence that the unification of the three interactions could be achieved at a very low 
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scale, of order a few TeV. We have studied in some detail, by resorting to simplified models, 
how reliably this power corrections can be computed without knowing the details of the more 
complete theory, i.e. the theory valid above the scale at which the extra dimensional theory 
ceases to be correct. We have found that the coefficients that govern this power corrections 
are sensitive to the details of the theory in which the extra dimensional theory is embedded. 
This is a completely different result compared with the situation in usual grand unification 
scenarios where the unification of the gauge coupling constants can be tested without knowing 
the details of the Grand Unification Theory. 

Finally, in chapter El we study a model with a non-universal extra dimension. In this 
case only the boson fields are allowed to propagate through the extra dimension, due to this 
the extra-dimensional Lorentz symmetry is broken and the KK number conservation rule 
does not apply. The results are compared with those obtained when the extra dimension is 
universal to show explicitly the importance of the KK number conservation. The bound on the 
compactification scale is clearly higher for the kind of models that lack this extra-dimensional 
Lorentz symmetry because the deviations from the SM predictions appear already at the 
tree-level. 



Chapter 2 



Quantum field theory with one 
universal extra dimension 



In this chapter we study the main features of theories with one additional space dimension 
accessible to all fields, called universal extra dimension. To this end we study a number of 
toy models which we will use to show how to treat scalar, spinor and vector fields in five 
dimensions. We address the issue of compactification in this theories and study two different 
topologies: a sphere, S 1 , as well as an orbifold, S 1 /Z2. It is shown that in the process, called 
dimensional reduction, one can trade the extra dimension for an infinite tower of fields, called 
Kaluza-Klein (KK) tower or KK modes. The different topologies provide different low energy 
theories even when one starts from the same five dimensional Lagrangian. We will show 
that the advantage of compactifmg in an orbifold is double: on one hand, only four of the 
five components of the vector field are present in the low-energy spectrum, on the other, it 
can contain chiral fermions. This opens the door to identifying the SM with the low energy 
realization of an extra dimensional theory. Instead of studying possible extra dimensional 
extensions of the SM, we first propose some simple interactions to gain some insight into the 
properties of these theories while keeping the model as simple as possible. It is found that 
a new kind of conserved number appears, the KK number. It cames from the fact that the 
theories are locally invariant under the Lorentz group in five dimensions. Strictly, it is not 
conserved in the usual sense and therefore we study it in some detail. Its main contribution 
is to screen, to some extent, the impact of the KK towers in the low-energy effective theory. 



2.1 Fields and interactions in five dimensions 



In particle physics each particle is associated to the quanta of a field defined in the Minkowski 
space-time Ai 4 . The coordinates in this manifold are written as where fi = 0, ...,3. 
To extend this formulation to more dimensions one must define fields that depend on 4 + d 
coordinates, say ip(x a ), where a = 0, . . . , 3 + d. All the extra coordinates are supposed to be 
associated with spatial dimensions, therefore the metric takes the form g a p = (+, —,...,—). 
Once this is done, a topology for the additional dimensions must be selected. This choice has 
important consequences in the low-energy spectrum. In the next sections all this process is 
performed in detail for different kind of fields. 



5 



6 



Chapter 2. Quantum field theory with one universal extra dimension 



2.1.1 Scalar field with self interaction 

Let us define a complex scalar field that depends on the 4+d coordinates a = 0, 1, . . . , d. 

The action is defined in the usual way through the standard Klein-Gordon Lagrangian density 



S= I d 4+d x C 4+d (x a ). (2.1) 



For a complex scalar field 



C i+d = (d a <S>)\d a <£) - m 2 ^, (2.2) 



The first consequence is that the canonical dimension of the field gets modified, now [<J>] = 
E 1+d / 2 , what will be important when studying the renormalization of theories with extra 
dimensions. The next step to do is to specify the topology of the extra dimensions. The 
simplest choice is to associate a circumference, S , to each one, i.e. the full manifold is a 
direct product of the Minkowski space and d circumferences, M. = Ai A x (S' 1 ) a! . This means 
that the extra coordinates are periodic with a periodicity of 2ttR, assuming the same radius, 
R. From this it follows that 3> can be expanded on its Fourier modes 



oc 



$(x",f)= V ^(x^)e^ /R (2.3) 



m,...,n d 



where x = (x 4 , . . . , x d ~ l ) is a vector whose components are the coordinates in the extra dimen- 
sions and n = {n\, . . . ,n^) identifies unambiguously each Fourier mode. By using Eq. l|2.Hp 
the integration over the extra coordinates in Eq. (|2.1|) can be performed 



poo r poo 

S= d A x d d x C A+d = / d 4 x C. (2.4) 



This shows that this theory can be described by a four dimensional Lagrangian related with 
the original one by the equation 

C = I d d x £ 4+d . (2.5) 



This process receives the name of dimensional reduction. It is independent of the kind of 
field(s) (scalar, fermion, vector, etc..) that C i+d contains, it only depends on our ability to 
perform the integration over the coordinates of the extra dimensions. 
In the case we are studying this process leads to 

oo 

£= (d^)^^) - (m 2 + mD^V^ m 2 H = n 2 /R 2 . (2.6) 

n=— oo 

To obtain canonical kinetic terms, the original fields, 4>^ n \ must be redefined: (j)^ — > (2n R)~ l cp^ ■ 
Eq. I|2.6p shows one of the most important features of this kind of theories, specifically, the 
extra dimensions have been traded for an infinite tower of fields, called Kaluza-Klein tower 
or KK tower, with increasing masses. The lowest mass, the mass of the fundamental mode, 
(f>(°\ is the one appearing initially in C 4+d and in principle is completely independent of R 
and insensitive to the compactification procedure. In particular, it could be much lower than 
R^ 1 or even zero. Notice the degeneracy in the spectrum, except for the fundamental mode. 
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Another important topology for the extra dimensions is the so called orbifold. It is a bit 
more complicate than S 1 and for the sake of simplicity we will concentrate on the case of 
a single extra dimension, which is the important case for this thesis. Its relevance will be 
manifest in the next sections when we study the spinor and gauge fields. Prom now on, when 
only a single extra dimension is present its coordinate, x 4 , will be denoted by y = x 4 . The 
topology of the space-time is now M. x (S 1 /Z 2 ). S 1 means that the extra dimension is again 
periodic and Z2 reflects the fact that the points — y and y are identified. The orbifold is 
schematically represented in the figure. 

The crosses in the figure represent two special points, 
called fixed points, that are mapped onto themselves 
under the orbifold symmetry: y — > — y. When we 
say that these points are identified we mean that the 
values of the fields in them are related, i.e. $(— y) = 
UQ(y), where U is a unitary transformation that is a 
symmetry in the original Lagrangian C 4+d . As a result, 
the physics on one side and on the other is exactly the 
same, or more formally, the action can be computed 
restricting the integration to the interval y G [0, nR] 




S 



d 4 x 



2ttR 



dyC 5 



d 4 x 



rR 



dyC\ (2.7) 



If it is further imposed that U — 1, then for a scalar field it is perfectly valid the choice 
U = ±1. This extended symmetry imposes further structure to the fields, for one extra 
dimension the S 1 topology implies that a field can be expanded as 1 



00 00 
+ ^ (n)+ K)cos (J^j +^0( n )-(^)sin 

n=l 



n=l 



(f) 



(2.8) 



The orbifold topology requires that the fields are even or odd under the orbifold parity trans- 
formation (y — > —y), calling <I> + and <J?~ respectively 



-(-v) 

■(-») 



Their expansions are now 

* + (a^,y) 



0(o)(^) + ^(«)+(^ )cos (!|) ; 



n=l 



sm 



n=l 



rry 
R 



(2.9) 



(2.10) 



(2.11) 



This is of great importance, since only the even fields have a fundamental mode. Recall that 
the mass of the fundamental mode was only determined by the mass in the original Lagrangian 
and can be in principle as low as desired. On the contrary, the lower available mass for the 
odd modes is Finally, taking £ 5 = (d a cf))^ (d a 4>) 



C 



£ 5 ($ H 



00 



(2.12) 



n=0 



x Of course this is the H2.2()|l . where the exponentials have been expressed in terms of sines and cosines. 
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while for <I> _ the expression is the same without the fundamental mode, hence the low-energy 
spectrum is radically different. It is worth to stress that these theories had a clear separation 
between low-energy and high-energy regimes due to the existence of a natural energy scale, 
1/R, which, excluding the zero mode, is the mass of the lightest mode. The particles we know 
could be identified with the fundamental mode of an even field, the smallness of R would 
explain why no KK mode has yet been detected. If this idea is true then we can make a 
rough estimate of the size of the extra dimension, R^ 1 > 200 GeV because this is the highest 
energy directly probed by accelerators. Of course, to obtain a serious bound it is required a 
more evolved model and the careful study of radiative contributions to precision observables 
since these KK modes would also modify SM predictions via virtual exchanges in loops. This 
detailed study is the main aim of this work. 

Up to this point only the free part of the theory has been investigated. As an example of 
interaction we will use a five dimensional <J? 4 self-interaction in an orbifold; therefore we add 
to the Lagrangian the next interaction term 

£? = -^ 4 , (2.13) 

where $ is assumed to be a real and even field. Notice that A is not dimensionless, it is easy 
to derive that in general [A] = E~ d . By using the decomposition given in Eq. I|2.10j) one finds 
after dimensional reduction that the Lagrangian of this theory can be written as 

oo 1 oo , 

C = E 2 W ( "W n) - ™l^ n H {n) ] - E I ™ WW (ff) , (2.14) 

n=0 n,m,p,q=0 

where a new dimensionless coupling constant has been defined, A = X/\/ttR. The function © 
is decomposed as the product & n mpq = 6A nmpq . The first is just a numerical factor due to the 
fact that the fundamental mode has different normalization than the rest, it depends on the 

3/+1 

number of fundamental modes present in the vertex, /, as 8 = 2 2 . The second is more 
interesting because it forbids certain combinations of indices 

A = | 1 ±n±m±p±g = ^ _ 

nmpq *y q th erw i se 

i.e. if any of the possible combinations is zero then the vertex exists otherwise it is forbidden. 
The Feynman rule for the vertex of the theory is otherwise straightforward, see Fig. 12.11 One 
of the most interesting properties of the interaction is that there is no vertex that couples 
three fundamental modes with one excited. This means that to create particles with n > 1 
from the particles of the fundamental mode they must be created in pairs, for instance through 
the process 4>o4>o - > 4>n$n- Therefore the threshold for creating the new particles is a least 
twice the mass of the first mode, y/s > 2m\, The situation is reminiscent of other occasions in 
physics where also new particles had to be created in pairs, as for instance the creation of the 
charm quark. In that case there was a symmetry behind: the charm quark had to be created 
via strong interactions which are flavour-symmetric; thus, in order to create a charm quark it 
was necessary to create also an anticharm quark. 

In extra dimensions the pair production can also be related to a symmetry: the local 
five-dimensional Lorentz symmetry of the tree level Lagrangian. However, this symmetry 
is broken by the compactification. This breaking is a non-local effect. Since the vertices 
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Figure 2.1: Feynman Rule for <I> 4 theory. 

describe always local interactions, all of them must conserve momentum. This is not true 
for correlators of the theory, as for instance the propagators or in general any n-point Green 
function, because they are extended objects. From Eq. 1|2.10|) one can see that each mode 
is associated with a stationary wave in the fifth dimension (the cosine in its exponential form 
contains e l R y and e~ l R v with the same amplitude). This is consistent with the fact that the 
fifth dimension is compactified because it shows that the momentum in the fifth direction is 
quantized, p 4 = ±n/R. The term $ 4 in the original Lagrangian couples locally this waves. 
The function A nmpg in the Feynman rule just checks if there is a choice among all the possible 
momenta in the vertex that preserves momentum. 

Quantization of momentum in the direction of the extra dimension provides another way 
of understanding why the masses of the modes are m n ; recall that due to Eq. 112.211 p a p a = m 2 , 
so 

p a p a = m 2 
E 2 -\pf-p\ = m 2 

p^ = m 2 +p\ 

p 2 = m 2 + m 2 n (2.16) 

As stated, momentum is violated by quantum corrections because these are inherently non- 
local, thus the masses, i.e. the spectrum of the theory, will also get radiative corrections 
fnn = n/R + 5n~ loop , and in general it ceases to be true that the difference between to 
consecutive modes is R~\ see Ref. PJ. 

2.1.2 Spinor field and Yukawa interactions 

The Dirac equation in d dimensions reads 

(i~fi d) d a -m)^(x a ) = (2.17) 

where a = 0, . . . , 3 + d. The quanta of the field ^ are the particles described by it and will 
obey the dispersion relation p a p a = m 2 provided the 7W matrices obey the Clifford algebra 

{^\^ d) } = 2g a pl (2.18) 

where g a @ = diag(+l, — 1, . . . ,—1). So the problem of constructing representations of the 
Lorentz group in d dimensions is equivalent to looking for a set of matrices that satisfy 
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Eq. (|2.18p . One important outcome is that the number of 7 matrices is equal to the number 
of dimensions since they always come paired with a derivative, Eq. l|2.17p . 

In this work we concentrate almost exclusively on the case of five dimensions, so we will 
not look for representations in an arbitrary dimension d, this can be found for instance in 
Ref. pQ. Instead we will look for a set of five gamma matrices, 7« \ denoted for simplicity in 
the following by T a , that fulfil Eq. I|2.18|l . From now on, the indices denoted by the first letters 
in the Greek alphabet will take the values a, f3 = 0, . . . , 4, while as usual fx, v = 0, . . . , 3. The 
T's can be found in terms of the usual 7 matrices. It is easy to check that the assignments 
T/x = 7 'n and = i'y 5 indeed work, where 7 s = £7 7 7 7 3 . 

The Dirac's equation (|2. 17|l can be obtained from the Lagrangian density 

£ 5 = H(iT a d a - m)V. (2.19) 

Of course, it is equivalent to solving the equation of motion of Eq. 1)2.17(1 and to working with 
the action obtained from Eq. (|2,19|) . but working with £ 5 will simplify the calculations, hence 
we will use it in the following. 

First of all, notice that ^ is a four component spinor, even if it is associated with a five 
dimensional representation. If we assume that the extra dimension is compactified on a sphere, 
S , then the field must be periodic in y and can be expanded in its Fourier modes 



y(x»,y) = V (0) (^) + ^r/ (n) (x' 1 )cos(^) + e (n) (x^) sin 



ra=l 



Integrating on the extra dimension and rescaling the fields 
1 



4' 



(0) 



(0) 



V 



in) 



/ttR ' V ttR 

the four-dimensional Lagrangian density reads 



n 



(») 



(») 



ttR 



R 



(2.20) 



(2.21) 



C = v/ 0) (^ - m)V> (0) +Vj? (n) ^ - m)?7 (n) + e (n) (^ - m)e (n) + m„(^7 5 £ (n) 



n=l 



(2.22) 



the fields 77 and e are four- component spinors because so it was ^ . Using this, one can write 
them in terms of their chirality components, n = t]r + r/i and similarly for e. 



C 



+e 



—in) _(n) 



71=1 







r w 1 
% 


m —m n 




m n m 




An) 



+ h.c. 



(2.23) 



The mass matrix has to be diagonalized with a bi-unitary transformation. If we call M 
the mass matrix in Eq. 1)2.23(1 then U'MV = mp. It turns out that {7=1 because M^M is 
diagonal, therefore only the right-handed fields are changed by V: 



(n) 

An) 
e R 



1 



\Jm 2 + vn 2 n 



m 
-m r , 



rn 



Finally, if we define the Dirac (or vector-like) fields 
the Lagrangian is written 



l{n) 

An) 
E R 



4 n) + and e (n) 



£ 



(2.24) 



'(«) , An) 



R 



£ = ? {0) ^ 



mtyV) + ^ ? (n) (»# - m' n )^ n) + f n) {ip - m' n )^ , (2.25) 



n=l 
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where as in the case of the boson field m' n = +y / m 2 + m\. Prom the above result one can 
see that there are two infinite KK towers formed by vector-like spinors, and with 
masses m n . Eq. (|2.25|1 also shows that the fundamental low-energy spectrum is formed by a 
vector-like field ip(°> which mass is the one appearing in the original Lagrangian. 

This poses a serious problem if one wants to identify the fundamental mode with any of 
the known particles. Specifically, we would want to identify the fundamental modes of a set 
of fields as the fields appearing in the SM Lagrangian. But to achieve this, it is essential that 
the fundamental modes are chiral. In four dimensions, a chiral field can be defined as the 
field that fulfils simultaneously 7 5 \E' = ±\E' as well as the Dirac equation = 0. One could 
try to impose the same definition in five dimensions, but now the situation is completely 
different because in four dimensions 7 5 anticommutes with all the 7 matrices, a fact that 
ceases to be true in five dimensions. This is because, in the former case, the representation of 
the Lorentz group that comes from the Dirac's equation is not irreducible, but it is a direct 
sum of two irreducible representations that can be distinguished by their different eigenvalues 
under the action of 7 s . In five dimensions 7 s is one of the 7 matrices, hence it no longer 
anticommutes with all the 7 matrices, and as a consequence the two equations can not be 
fulfilled simultaneously. To see this in detail, let ^ be a four- component spinor field that fulfils 
the five dimensional Dirac's equation. Then the transformed field 7 s ^ does not obey Dirac's 
equation 

iT a d a {^^>) = (2.26) 
^(-i$ + iT A d y )-$> = (2.27) 
(i$-ir 4 d y )V = 0. (2.28) 

Notice that it is the relative sign between T 4 and the rest of 7 matrices what prevents 7 s ^ to 
be a valid solution. But this sign can be reabsorbed by the derivative d y if the action of 7 s is 
accompanied by a parity transformation in the fifth direction, i.e. ^'(y) = 7 5 ^(— y) will be a 
solution of the Dirac's equation if previously ^(y) is a solution. The presence of a mass term 
in Eq. (|2,26p would invalidate this last conclusion. 

This result can be exploited to obtain chiral fundamental modes. Recall that we had 
assigned the topology of a circumference to the fifth dimension S ; now suppose that impose 
in addition that the action computed with the values of the fields in one side y 6 [0, ttR] is 
the same as in the other y 6 [— irR, 0] , then to extract the physics one only needs to look 
for extremals of the action S in only one side. This means that the value of a field in one 
side must be related with the values it takes in the other side by a transformation that is a 
symmetry of the original Lagrangian, y) = U^(y). For a spinor field we choose U = ±7 5 , 
or what is the same we impose that the combined action of 7 s and y — > —y should leave ^ 
invariant ^(y) = ±7 5 ^(— y), with this, the Fourier modes are all chiral. Take for concreteness 
the minus sign 

00 

*(*",!,) =4° ) (^) + E^ ) (^) cos (lf) +4V)sm(f ) . (2.29) 

n=l 

So the modes that are even under y — > — y have the same chirality as the fundamental one 
while the ones that are odd have opposite chirality. Since one only need to know the values 
that the field takes on one side, say y £ [0, irR] , this means that the new topology is no other 
than an orbifold, S 1 /Z2, see previous section. The Lagrangian in five dimensions is taken to 
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be _ 

c F = mr a d a ^, (2.30) 

and it has no mass term because it breaks the orbifold symmetry. After the dimensional 
reduction the four- dimensional Lagrangian reads 

oo 

C F = 4 0) ¥Vi 0) + ^? (n) [¥ - m n ]^ n \ (2.31) 

71=1 

where ip^ = rj£ + . So we have finally achieved a chiral fundamental mode, tp^ . On 
top of it, it has appeared a KK-tower of vector-like fields, ip( n \ with masses m n . 

If instead of the minus sign we had taken the plus, then we would have ended with a similar 
equation but with sign of the mass reversed, i.e. for each mode we would have obtained 

course, the sign of the mass is unobservable. So in addition of the 
required field redefinitions to obtain a canonical kinetic term, the modes of the fields with a 
right-handed fundamental mode must be further redefined to get the right sign of the mass. 

Now that we have succeeded in constructing a theory with chiral fundamental modes, 
the next step is to study possible interactions that may involve this kind of fields. We will 
study in the following the Yukawa couplings for two reasons: it is the easiest interaction 
between fermions and bosons and because it is present in the SM. The interacting fields will 
be a spinor field ^ with a right-handed fundamental mode, another spinor field X with a 
left-handed fundamental mode and a boson field (ft even under Zi- The orbifold topology is 
assumed. The Lagrangian is taken to be 

C\ = Y X(f>V + h.c. (2.32) 

which, as we will see, will provide a four- dimensional Yukawa interaction for the zero modes. 

The canonical dimensions of the Yukawa coupling constant are [Y] = \ this is the reason 
why this theory is not renormalizable. Now, after dimensional reduction and field redefinitions 
to get canonical kinetic terms, the Lagrangian reads 

oo v oo 

C = Y^xf^+Y V[<A (0) X (n V (n) +^ (n) X (0 V (n) +<A (n) ^ (n V (0) ]+4= E An P ^ (n) X (p) V< (9) +h.c. 

^ V2 ^ , 

n=l n,p,q=l 

(2.33) 

where y = y/y/irR and A npq is defined in Eq. I|2.15j) . Notice that there is no vertex that 
couples the fundamental modes n = with only one single mode of the KK tower n > 0. The 
last ones appear at least paired, and as a consequence the energy threshold to produce them 
using only the fundamental fields is twice the mass of the lightest KK mode, y/s > 2m\. This 
feature also appeared when we studied the case of the boson field, and the same reasoning we 
gave there applies now here. 

2.1.3 Vector bosons and gauge theories 

In the previous section we have constructed a scenario in which the fundamental modes of 
the extra dimensional scalar and spinor fields can be identified with the fields in the SM. To 
achieve the full SM as a low-energy realization of a five-dimensional theory we still need to do a 
similar construction for the vector fields. In five dimensions these fields have five components, 
A a , corresponding to the five possible polarizations. Therefore, to associate A a to one of the 
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vector fields in the SM we need to remove one of its components from the low-energy spectrum. 
As we will see, this can be done when we compactify the fifth dimension on the orbifold. The 
free Lagrangian in five dimensions is taken to be 

£g = ~\f^F^ = -\{&*AP - d?A a ){d a Ap - d A a ). (2.34) 

To perform the dimensional reduction we impose that the fifth component of the field is 
odd under the action of Z2 while the rest A^ are even. On the following the fifth components 
will be denoted by A§ because it is done so in the literature. 

A^x^-y) = A^x^y), (2.35) 
A 5 {x»,-y) = -A 5 (x»,y). (2.36) 

The above prescription is not gauge invariant, it breaks gauge symmetry in five dimensions 
but preserves it in four. Different components of the strength tensor transform differently: 

F» u -► F"", (2.37) 
F °" ^ - F «v. (2.38) 

Despite of this, Cq is invariant under Eq. (|2,35|2,36p . as it should, since both sides of 5 1 must 
be physically equivalent. After dimensional reduction the Lagrangian reads 

C G = -If(°) • F<°> + f; -\f^ ■ FN + l -m? n A^A^ + ^A^d^A^ + m 2 n d^ ] A^, 

n=l 

(2.39) 

where F$ = 3^ - 3^ and m n is defined in Eq. I|2.6p . Cq shows that the ^5 compo- 

(n) 

nents are not present in the low-energy spectrum. Moreover, the modes A^ have acquired 
a mass , m n , A^ being the Goldstone boson eaten by A^\ The appearance of a tree-level 

(n) (n) 

mixing between A^ and A 5 suggest a gauge fixing term of the form: 

£ gf = -hd,A^ - £m n 4 n) ) 2 . (2.40) 

This is very similar to the usual R% type of gauge fixing, known from the SM. When C g f is 
taken in this way the propagators are 



4 0) : ™>™ = ^&r-(i-0*J£] 



An) 

An) . ,■ 

A 5 ■ ■ ~ 



(2.41) 



Eq. I|2.4()|) fixes the gauge after compactification. One may wonder if it is equivalent to fixing 
it before compactification. We will not study this issue in detail here, we refer the interested 
reader to Ref.[5j, where it is treated. It is shown there that the choices of the Feynman gauge 
and unitary gauge in Eq. I|2.4()|) can be obtained through suitable choices in the gauge fixing 
terms before compactification, while there is no such possibility for the Landau gauge, thus 
to avoid any problem we will work always in the Feynman gauge. 

Notice that the aim of the orbifold topology is to remove from the low-energy spectrum 
the zero mode of the fifth component of the gauge field, A§ , but as we will see, its presence 



14 



Chapter 2. Quantum Held theory with one universal extra dimension 



would offer an interesting possibility. It could be present as a massless scalar if we compactify 
in a circumference S . The extra dimensional gauge symmetry forbids a mass term for it. 
Nevertheless, we have seen that the compactification breaks this symmetry, therefore radiative 
corrections will provide it mass. When these corrections are studied they are found to be 
finite. The UV divergences are not present because at very high energies, very small distances 
(compared to the compactification radius), all the dimensions are equivalent and is just 
one component of a gauge field and therefore it can not receive any contribution to its mass 
because of gauge symmetry. All the contributions to its mass came from the low energy. This 
situation is very similar to the way in which SUSY protects the mass of Higgs. In this case the 
Higgs is associated via the SUSY symmetry with a fermionic field and the chiral symmetry 
protects the mass terms for both superpartners. Basically, this is the idea behind the work 
done in El El El • More specifically, the Higgs field, a scalar field, can be associated to 
a gauge field A a and with this, its mass can be protected by gauge symmetry. Despite the 
interest of these kind of models we will not follow them. Instead we will continue using the 
orbifold topology without the A^ field in our spectrum. 

The vector fields appear in general in gauge theories. As an example of a five dimensional 
gauge theory we develop briefly in the next lines a theory that reduces to a version of QED 
after compactification. Its low energy consists in one massless chiral fermion coupled with a 
massless photon via a gauge interaction, a more detailed derivation is given in Ref.JSj- The 
Lagrangian is written as 

£ 5 = C% + mipy, (2.42) 

where C G is defined in Eq. (|2.«S4|I and the five dimensional covariant derivative is defined as 
D a = d a — ie~A a . After compactification the Lagrangian can be decomposed in the sum of 
three terms £ = Cg + Cf + Ci, where Cg and Cf are defined in Eq. (|2.H!j|) and Eq. (|2.H1|) 
respectively, and the interaction term can be divided in three pieces Cj = C® + C°j K + Cf 

C°j = e?2Vty? (2.43) 

oo oo 

Cr = e^^V^ W + e^[?fV (n) # + #f4 R) #+h.,] (2.44) 

n=l n=l 

oo 

L K = e £ ^+^)^M^(n)_^+-) y4 M V) (n) +hc _j (245) 

v n,m=l 

oo 

-j= J2 ^ {m) 4- {n+m h^ {n) + i^ [m) At +m) 1 ^], (2.46) 

n,m=l 

where we have rewritten the five-dimensional coupling e in terms of the four dimensional e as 
e = e/vV-R. Notice that, as mentioned, the low-energy (below i? _1 ) effective theory corre- 
sponds exactly to QED with one chiral fermion. In addition, all the vertices conserve the KK 
number as it happened in the previous examples, hence KK modes must be created in pairs 
from the fundamental modes what reduces its impact on the low-energy phenomenology be- 
cause the effective Lagrangian only receives contributions at the one-loop level. The Feynman 
rules can be easily read from the above formulae. 
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Until now we have constructed a number of toy models that have helped us to study some 
features of the theories with one extra dimension. In particular we have shown that the funda- 
mental modes of the different fields remain in the low-energy spectrum after compactification. 
If the topology of the extra dimension is taken to be an orbifold then the fundamental modes 
of the spinor fields are chiral and the ones of the vector fields have only four components. We 
exploit these results here to build a five dimensional model, which was initially proposed in 
Ref. PHI, that after compactification reduces to the SM. We study the phenomenology and 
use the results to set bounds on the compactification scale, R, or what is the same, to the 
mass of the first KK mode, to be denoted by M = R . We concentrate on the observables 
with a strong dependence on the mass of the top-quark, mt, for which the corrections to SM 
will be enhanced. Although the process b — > S7 has no mt enhancement, the relative impact 
of the new physics is also important because it is one-loop suppressed in the SM due to gauge 
invariance, hence we will also study it. 



3.1 The model 

We use the above considerations to simplify the Lagrangian of the model, and in what follows 
all mass scales below mt will be neglected. On the other hand, considering that we are not 
interested in strong processes, we concentrate only on the gauge group SU(2)l x U(1)y- The 
Lagrangian is separated in four pieces 

£ UED = f L WR dy{C G + C H + C F + C Y ). (3.1) 
Jo 

The gauge piece is defined to be 

C G = -^F a -F a - \f-F (3.2) 

where F£g is the five dimensional gauge field strength associated with the SU (2) l gauge group 
and F a p is the one of the U(l)y group 

FZp = d a W$-d p WZ + ~ge ahc W b a W c p (3.3) 
Fap = d a Bp-d p B a (3.4) 
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The Higgs piece is 

C H = (D a H)^D a H - V(H), (3.5) 

and the covariant derivative is defined as D a = d a — igW^T a — ig'B a Y , where g and g' are 
the (dimension-full) gauge coupling constants of SU{2)l and U(l)y respectively in the five 
dimensional theory, T a and Y are the generators of these groups. 
The fermionic piece is 

C F = Q(iT a D a )Q + U{iT a D a )U + ~D(iT a D a )D, (3.6) 

where r a are the five dimensional gamma matrices. The fields Q, D and U carry a generational 
index that is not explicitly written here. 
Finally, the Yukawa piece reads 

£ Y = -QY U H C U - QY d HD + h.c. (3.7) 

where H c = ia 2 H* is the usual charge conjugated field and the Y u are the Yukawa matrices 
in the five dimensional theory, which, as usual, mix different generations. 

We use the topology of the extra dimension, assumed to be an orbifold S 1 /Z2, and expand 
the fields in a Fourier series 




where the expansion for is valid for each component of the gauge fields as well as for the 
Higgs doublet, the one for G5 is valid for the fifth component of the gauge fields. Analogously, 
the expansion for U is valid also for D. We have included different normalization for the 
modes to obtain canonical kinetic terms after compactification. 



3.1.1 The spectrum of the model 

To make any calculation we require the spectrum of the model. In order to extract it, the 
Higgs sector has to be studied. It will undergo SSB, hence it will contribute to the masses of 
the different particles. The Higgs doublet is parametrized as 



H 



- - 


1 


-i((f>i - i<f> 2 ) 


$0 


"71 


<po + i<t>3 



(3.12) 



where (pi are real fields. As a Higgs potential it is chosen 



V(H) = -v?rfH+±(HiH) 2 , 



(3.13) 



Section 3.1. The model 



17 



where [i 2 is a real positive parameter with mass dimensions and A is a real parameter with 
dimension E^ 1 . After dimensional reduction the potential contains a number of couplings 
between the different KK modes. Here we show only those that are relevant 

. oo 

V = _^(0)t^(0) + ^ ( ^(0)t^(0) ) 2 + ^ ( _ /i 2 +m 2 ) ^(n)t^(n) + (3 



41 

n=l 



+ 



oo , 

A 



£ ± [(ff(°)tff(0))(ff(«)t^(«)) + (ffWtff(«))2 + (H^H^)(H^H^) + h.c] , (3 



n=l 



where A = X/(ttR). The first thing to notice is that the potential for the fundamental mode 
induces SSB only for the zeroth mode, H^°\ since for n > we expect reasonably > fi 2 . 
This is consistent with the association of the fundamental mode of H to the SM Higgs doublet. 
Following with this idea, the neutral component of the doublet will get a VEV, specifically, 
(00°^ )o = v > what implies 



{0 \x^) =v + h{x"), (ff (0) ) = ^ 



V2 





1 



(3.16) 



On the contrary, the modes of the KK tower (n > 0) do not undergo SSB because their masses 
before SSB are positive. Nevertheless, the terms in Eq. (|H.15f) will modify their masses after 
SSB. At the end, the masses of the Higgs field and its associated KK tower are 

m 2 (h) = 2^ 2 = ml, m 2 (<^j n) ) =m 2 h + m 2 n , n> 1. (3.17) 

(n) 

Recall that the fields (fi , for n > 1 do not get a VEV. For the rest of the fields the masses 
are 

m 2 ($±W) =m 2 (^( n )) =m 2 5 n y Q ( 3>18 ) 

If our interpretation is correct, the fields $ ± (°) and 4>^ will be precisely the SM Goldstone 
bosons absorbed by and Z, the fact that they are massless is also consistent with the 
identification of H^°' with the SM Higgs doublet. 

In the gauge sector, this SSB is also relevant. In addition, it is easy to convince oneself 
that this model coincides exactly with the SM when only zero modes are taken into account, 
what accounts for taking the limit m n — > oo. Thus, retaining only the zero modes, all goes 
much in the same way as in SM: the neutral component of the Higgs doublet gets a VEV and 
induces mixing between W$ and Bjx to give a massless gauge boson, the photon A ® , and 
a massive one, the Z boson Z^ , the mixing being parametrized by the weak mixing angle 

Z^ = cos9 w wj$ -smO w sj ' (3.19) 
4°) = sin^ wjS + cos 9 W B^ (3.20) 

and the same mixing is generated for and zj^K But we will concentrate on the charged 
gauge bosons because they will appear in our calculations. After the dimensional reduction, 
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the bilinear terms relevant for the gauge sector are 

- ^F^F aaP + {D a H) ] (D a H) ^4' - IfWfM") + ( m 2 + M^)W+ (n) W^~ (n l3.2l) 

+ d^ {n) d^W- {n) - M^W 5 +(n) W 5 - (n) (3.22) 

+ d^ +in) d^~ {n) - m^+W^-M (3.23) 

+ W^ n} -d^(iM w <S> + ^ + m n W+ {n) ) + h.c(.3.24) 

+ iMvi/m n W 5 _(n) $ + ( n ) + h.c., (3.25) 

where the sum on n is implicit and we have used the tree level relation gv/2 = M\y. The 
previous equations can be understood as follows: the first two show that the vector bosons 

Wu"' are now massive with mass J M/L + m\ , while the fifth components KK modes, 



' ^ die nuw iiiciooivc vviLii iiicioo \ i iva-^y ^ ' 1 "tii W1A1AC tile ii±lii ^.uiiipuiiciiLO muuro, V V 5 , 

have became massive charged scalars with masses Myy. Nevertheless, Eq. (|3.24|1 and Eq. (|3.2o|) 

(n) 

show that W 5 have not diagonal mass terms, because they mix with the modes of the charged 
component of the Higgs doublet, $ + ( n ). In particular, Eq. (|3.24p points out the combination 
that defines the Goldstone field, <J?^,, that is been absorbed by the W^ n ^ fields to get masses. 

The orthogonal combination, $p , is a physical scalar. The expressions that relate those 
fields are 

= m n W^ +lMw ^ m^o^+h (3 26) 

'ml + 

$ + (n) = iM w W+ {n) + m n cP+H m^o <6+(n) (3 ^ 2?) 
k + M2, 

These formulae are valid only for n > 1. In the limit of neglecting all mass scales below m t , 
the mixing is not important and can be identified with the Goldstone bosons, f»J , 

and $ + ( n ) with the physical scalars, <3?p^. 

We pass now to study the quark sector, in particular, the third generation because it 
contains the top. To distinguish between the up and down components of the five- dimensional 
doublet Q in Eq. I|3.1()jl we will use subindices that will carry also information about the 
generation, e.g. when we write 

' Qt 



Q 



(3.28) 



Qb 

we are denoting by Qt (Qb) the up (down) component of the weak doublet in the third genera- 
tion. Analogously by Ut we denote the weak singlet of the third generation. After dimensional 

(n) (n) 

reduction Q t acquires a mass m n and a mass —m n , n > 0. These are Dirac fermions 
defined as Q^ = Q^ + The masses receive also contributions coming from the cou- 

plings with , which are contained in the Yukawa sector, Eq. (|3,7|) , Here we extract the 
relevant terms 

CO 

C Y = -y u ^ 0) ff(°) c tr< 0) -y u £ (3.29) 

n=l 

_ _^ W _^£q<»>^> +h .„ + ..., (3.30) 
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where Y u = Y u /V 7rR, and we have used Eq. (|3.8|) . Since the fundamental modes are, by 
construction, identified with the SM fields, then Y u must be the SM Yukawa matrix, what 
implies that the KK modes and have a mixing proportional to the mass of the 
top-quark, m t = Y u vj\[2. So the bilinear terms for these fields may be written as 



C t = t{i<j)-m t )t+Y,^ ) i$Qf ) +ut ) mi n) - 
n=l 



7n( n ) 7r( n ) 



Q 



m 



m r . 



m t 



m t 



Q 



(n) 
t 

(n) 



(3-31) 

We denote by t the top-quark, t = + uj^. The mass eigenfields, denoted by a prime, are 







jjin) 





cos(a n ) -sin(a n ) 
sin(a n ) cos(a n ) 





" 1 








7 5 




u' t {n) 



(3.32) 



where tan(2a n ) = m t /m n and the 7 5 is included to obtain a positive mass oftheC/ t ' (n) . Finally, 
the masses are 



m(0? B) ) = m(C/ t ' W ) = y/m* + m? ^ m Q 



n > 0. 



(3.33) 



In the calculations of this work, the degrees of freedom Q 1 ^ and U' t ^ will appear inside 

(n) (n) 

loops, hence it will be advantageous to work with the fields Q t and f7 t , we call the latter 
the interaction base. Since they have not definite mass, the inverse of their quadratic forms, 
i.e. their propagators, are not diagonal. In this base, the expression of the couplings is simpler, 
but the propagators are non-canonical, and the next expressions must be used for them 



P 



-X- 



p uj n) 



l—n 



3.1.2 Couplings 



We will compute the dominant corrections to the modifications of the p parameter, which can 



be found by calculating the radiative corrections to the self energies of the gauge bosons W 



(0) 



and . To this end, we need to extract the couplings of W^x(3) w ^ n ^ e KK modes of the 
Q fields because the m t proportional contributions come exclusively from them. This is so 
because the mass of the top, mt, only appears in the propagators of the Q and U fields and in 
the vertices proportional to the Yukawa matrices, but neither this vertices contribute at one 



,(o) 



loop in UED 1 , nor do the U fields, which do not even couple directly to W^(3)- 
the relevant couplings are 



p ~ 2 p 1 



Therefore, 



(3.34) 



where g = g/^JirR. Notice that for simplicity we have not considered the CKM mixing 
matrix 2 . 



1 Because in the limit of Mw — > the Higgs doublets are not eaten by the gauge bosons, in contrast with 
what happens in SM. 

2 We have explicitly checked that the calculations give exactly the same result when Vckm is taken into 
account and that this is numerically so because in our approximation all quark masses are zero except mt- 
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The couplings of the physical scalar $+W with the modes of the top quark are also 
important because they are proportional to m*. 

C Y = ^mtVtjU^Qfl^ + h.c. (3.35) 

In this case, it has been maintained the CKM mixing matrix because we will need it to cast 
the modifications in the B° — B mixing in a standard form, which is defined to bound any 
new physics affecting this mixing. Notice that although $( n ) + are physical degrees of freedom 
their couplings are exactly the same as the Goldstone bosons of the SM. 

We are also interested in the radiative corrections to the Z — ► bb decay, therefore we need 
to know the couplings of = zj? , 

C Z = ^-Z,[4 M + J»W + 4 {n) ], (3.36) 

where the J$ M is the usual SM neutral current 

4m = QilV - s 2 w Q]Q L + U R r2[T 3 - s 2 w Q]U R . (3.37) 
Analogously we find for J^ n \ n > 1: 

jKn) = Q(™y 2 [T 3 - 4Q]g (n) + Z7 W 7^2[T 3 - s 2 w Q]U {n) . (3.38) 
If we indicate explicitly the charges 

T 3 Q^ = -\Q^ YQP = +\Q^ (3.39) 

the current reads 

J" {n) = (+i - |4) 4 n) ^Qi n) + (-i + \sl) Q^rQP + & n Vu™. (3.40) 

Finally, the couplings with the KK modes of the Higgs doublet charged components are 

jrfn) = (_! + 2s 2 )q>+(n) id n$-(n) + h c ( 3-41 j 

From Eq. ()3.37|1 . Eq. I|3.4()|l and Eq. ()3.4ip it is now straightforward to extract the correspon- 
dent Feynman rules for the couplings with the Z. The couplings of the photon can be derived 
similarly. 



3.2 Phenomenology 

The detection of the first members of the KK towers would be a compelling signature in favor 
of extra dimensions. But until now, there is no direct detection of any member of these towers 
in the experiments. This means that we have to look for their contributions to observables 
through virtual production. Since these are expected to be small, the best places to look for 
them are processes that have been experimentally measured with high degree of precision or 
that can only proceed through radiative corrections in the SM. Among the formers we will 
study in the next sections the Z — > bb decay, the radiative corrections to the p parameter and 
the B° — B mixing, and among the latter the process b — > 57. 
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3.2.1 Radiative corrections to the Z — > bb decay 

Shifts in the Zbb coupling due to radiative corrections, either from within the SM or from new 
physics, affect observables such as the branching ratio Rb = T^/T^, where = F(Z — » bb) 
and = F(Z — » hadrons), or the left right asymmetry Af,. These type of corrections can 
be treated uniformly by expressing them as a modification to the tree level couplings gum 
denned as 

—bfiSLPL + QrPr^Z^ . (3.42) 
c w 

Z and b's are SM fields, Pur) are the chirality projectors and 

9L = -\ + ls 2 w + Sgl M +Sgr , (3.43) 
9R = \s 2 w + 8gT + 8gT , (3-44) 



where we have separated radiative corrections coming from SM contributions and from new 
physics, (NP). It turns out that, both within the SM as well as in most of its extensions, only 
gi receives corrections proportional to m 2 at the one loop level, due to the difference in the 
couplings between the two chiralities. In particular, a shift 5g^ p in the value of gi due to 
new physics translates into a shift in Rb given by 



5R b = 2R b (l - R b ) 2 9 l 2 5gf , (3.45) 
9l + 9r 



and to a shift in the left-right asymmetry Af, given by 



These equations, when compared with experimental data, will be used to set bounds on the 
compactification scale. 

By far the easiest way to compute the leading top-quark-mass dependent one-loop correc- 
tions to 5gi from the SM itself, 5g£ M , is to resort to the gaugeless limit of the SM e.g. 
the limit where the gauge couplings g and g' , corresponding to the gauge groups SU(2)l and 
U(l)y respectively, are switched off. In that limit the gauge bosons play the role of external 
sources and the only propagating fields are the quarks, the Higgs field, and the charged and 
neutral Goldstone bosons G ± and G°. As explained in PI H3] one may relate the one-loop 
vertex Zbb to the corresponding G°bb vertex by means of a Ward identity; the latter is a direct 
consequence of current conservation, which holds for the neutral current before and after the 
Higgs doublet acquires a vacuum expectation value v. 

In practice, carrying out the calculation in the aforementioned limit amounts to the el- 
ementary computation of the one-loop off-shell vertex G°bb. In the gaugeless limit and for 
massless 6-quarks the only contribution to this vertex is depicted in Fig. l3.1| where the cross in 
the top-quark line represents a top-quark mass insertion needed to flip chirality (the diagram 
with an insertion in the other top-quark line is assumed). This diagram gives a derivative 
coupling of the Goldstone field to the fo-quarks which can be gauged (or related to the Z 
vertex through the Ward identity) to recover the Zbb vertex. Then, one immediately finds 

c SM _ y/2G F rr4 f id 4 k _ V2G F m 2 

9l ~ (2^) 4 J {k 2 -m 2 ) 2 k 2 (4tt) 2 ' { ' 



22 Chapter 3. SM with one universal extra dimension 

b L b L 



Figure 3.1: The diagram contributing to the SM G°bb vertex in the gaugeless limit for massless 6-quarks. 

where G F is the Fermi constant. The m\ dependence (coming from three Yukawa couplings 
and one mass insertion) is partially compensated by the 1/mf dependence coming from the 
loop integral. 

In the case of a single UED this argument persists: one must simply consider the analog 
of diagram in Fig. 13, lj where now the particles inside the loop have been replaced by their 
KK modes, as shown in Fig. 13.21 If we denote by Sg^ the new physics contributions in the 
UED model (the SM contributions are not included) the result is 

UED V2G F mf ^ f id 4 k 
°9l ~ 



(2vr) 4 Z^J {k 2 _ m 2 Q) 2 (k 2 _ m 2) 

V2G F mf f 1 dxx ^ V2G F mf ir 2 R 2 
(4vr) 2 ^ J xm 2 + m 2 ~ _ ~(4n) 2 12~ ' (3 ' 8) 

and depends quartically on the mass of the top quark. Notice that there are several differences 
with respect to the SM: (i) The cross now represents the mixing mass term between 
and XJ\ ; , which is proportional to m t ; (ii) The $ ± ( n \ for are essentially the physical 

KK modes of the charged Higgses as shown in Eq. lj3.27jl : (iii) From the virtual momentum 
integration one obtains now a factor 1/m^, instead of the factor 1/m 2 of the SM case. 

This simple calculation allows us to understand easily the leading corrections arising from 
extra dimensions. A more standard calculation of the Zbb vertex in UED yields exactly the 
same result. In this case the radiative corrections to the Zbb vertex stem from the diagrams 
of Fig. 0D3 

If we neglect the 6-quark mass and take Mz <C R , the result, for each mode, can be 
expressed in terms of a single function, f(r n ), defined as 

iM (n) = i^ ^ F f f(r n )uYPLue, , (3.49) 

where u and u' are the spinors of the b quarks and e M stands for the polarization vector of the 
Z boson. The argument of the function / is r n = m 2 /m 2 l . 
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G° 



Figure 3.2: The dominant diagram contributing to the UED G°bb vertex in the gaugeless limit for massless 
6-quarks. 



Although the complete result is finite, partial results are divergent and are regularized by 
using dimensional regularization. The contributions of the different diagrams in Fig. 13.31 are 



f {a) (r n ) 
f {b) (r n ) 
f {c) (r n ) 
/W(r n ) + / (e) (rn) 



1 



log(l + ry 



2 -s 2 
3 w 

1 

-2 + < 



1 + 



2r n + ri 



2(1 



log(l + r n 



3 a * 



5n + 



2r n + 3ri 



2rl 
2(1+ rv, 



log(l + r n ) 



2r n + 3r 2 n 



2(l+r n ) 2 log(l+r r , 



2rl 



(3.50) 



where 6 n = 2/e — 7 + log(47r) + log(^ 2 /m 2 J, and /i is the 't Hooft mass scale. From Eq. (|3.5()|) 
it is straightforward to verify that all terms proportional to S n cancel, and so do all terms 
proportional to s^, as expected from the gaugeless limit result. Thus, finally, the only term 
which survives is the term in f^ a \r n ) not proportional to s^, yielding the following (per mode) 
contribution to gi- 



V2G F m 2 t 
(4vr) 2 



log(l + r n ) 



(3.51) 



which is precisely the one obtained from the gaugeless limit calculation, e.g. Eq. (|3.48jl with 
the elementary integration over the Feynman parameter x already carried out. Notice also 
that the above result is consistent with the decoupling theorem since the contribution for each 
mode vanishes when its mass is taken to infinity, i.e. r n — ► 0. 

In order to compute the effect of the entire KK tower, it is more convenient to first carry out 
the sum and then evaluate the Feynman parameter integral; this interchange is mathematically 
legitimate since the final answer is convergent. Thus, 



71=1 



(n) 
L 



V2G F m 2 
(4vr) 2 



f l °° r 



r n x 
r n x 



V2G F m 2 
(4vr) 2 



(3.52) 
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Figure 3.3: Dominant UED contributions to the Zbb vertex. 



where a = irRrrit, and the function F(a) is defined in general as 



F(a) 



5gf p 



(3.53) 



In the case of UED 



-Ftjed(o) 



1 a 



dx \fx coth(av^c) 



a a 
12 ~ 270 



(3.54) 



It is instructive to compare the above result with the one obtained in the context of models 
where the extra dimension is not universal 3 . In particular, in the model considered in Ref. |14j 
the fermions live in four dimensions, and only the gauge bosons and the Higgs doublet live 
in five |15j . In this case there is no KK tower for the fermions, and therefore, in the loop- 
diagrams appear only the SM quarks interacting with the KK tower of the Higgs fields. The 
result displays a logarithmic dependence on the parameter a, which gives rise to a relatively 
tight lower bound on R" 1 , of the order of 1 TeV. Specifically, the corresponding F(a) is given 
by 4 



F(a) 



-1 + 2a 



dx 



(1 + x 



2\2 



coth(aa;) 



log(vr/a) 



7T- 



rC'(2) a 



(3.55) 



where the expansion on the second line holds for small values of a, and (' is the derivative 
of the Riemann Zeta function. The appearance of the log(a) in F(a) and its absence from 
-^UEd(ci) may be easily understood from the effective theory point of view: due to the KK- 
number conservation in UED models, the tree-level low energy effective Lagrangian when 



3 In Chapter El we study some of these models. 

4 Note that, unlike in Ref. the F(a) does not include the SM contribution. 
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all KK modes are integrated out is exactly the Standard Model; there are no additional 
tree-level operators suppressed by the compactification scale. Since the one-loop logarithmic 
contributions in the full theory can be obtained in the effective theory by computing the 
running of operators generated at tree level, it is clear that in the UED no log(a) can appear 
at one loop in low energy observables. The situation is completely different if higher dimension 
operators are already generated at tree level, as is the case of the model considered in Ref. |14j . 
where the leading logarithmic corrections can be computed by using the tree-level effective 
operators in loops. 

We next turn to the bounds on R' 1 . We will use the SM prediction Rf M = 0.21569 ± 0.00016 
and the experimentally measured value i?£ xp = 0.21664 ± 0.00068. Combining Eq. (|.3,45j) and 
Eq. 1)3.53)1 . we obtain F(a) = —0.24 ±0.31, and making a weak signal treatment [E] we arrive 
at the 95% CL bound F(a) < 0.39. The results for a single UED can be easily derived from 
Eq. 1)3.54)1 . yielding 

RT 1 > 230 GeV 95%CL. (3.56) 

The SM prediction for the left-right asymmetry Af M = 0.9347 ± 0.0001, and the measured 
value A^ xp = 0.921 ± 0.020 gives a looser bound. 



3.2.2 Radiative corrections to b — > 57 

The experimental observable is the semi-inclusive decay Br(B — » X s j). Using heavy quark 
expansion it is found that, up to small bound state corrections, this decay agrees with the 
parton model rates for the underlaying decays of the b quark ^3 EEEj b — > 57. This flavor 
violating transition is a very good place to look for new physics because in the SM it is forbid- 
den at tree level due to gauge symmetry, it can though proceed through radiative corrections. 
From an effective field theory point of view the transition can be understood as due to the 
generation via radiative corrections of the next effective Hamiltonian 

neff = ^wV£V a Y,CiOi (3.57) 

^ 2 i=l 

where O7 operator is the one that drives the transition b — ► S7 



e 

(4V) S 



07 = j—^mbsa^PRbF^. (3.58) 



Notice that the presence of the strength tensor, F^ U) guarantees the gauge invariance of O7. As 
usual, the operators encode the low energy physics while the high energy physics is contained 
in the coefficients, in this case C7. 

In the SM and at the scale of the W mass, Cf M (M w ) = -1/2 A(m%/M$y), where 



A{x) = x 



3 x + 12 x 12 ( 2 x a;) In: 



(x-1) 3 (x — iy 



(3.59) 



The leading logarithmic contributions of the two loop calculations are important, these 
come from standard QCD running from M\y to mj,. The RGE reads [HI) l2T)] 



C 7 (m b ) » 0.698 C 7 (M W ) - 0.156 C 2 (M W ) + 0.086 C 8 {M W ), 



(3.60) 
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Figure 3.4: Diagrams that contribute to Oi in UED. 

where C2 and Cs are the coefficients of the operators 02 and 0% respectively, which are defined 

as 



2 
Oh 



9s 
(47T) 



^m b s La a^T^b Rp G%. 



(3.61) 
(3.62) 



a and (3 are color indexes. In the case of SM, the contribution of Og is negligible, C%(Mw) = 
—0.097 (20], but the one of 02, CM^wO = 1, turns out to be important. 

In UED the transition also proceeds through the same effective Hamiltonian but the coef- 
ficient C7 receives new contributions aside the ones coming from SM, and the running could 
be different for each case because C2 and C% are also modified. The value of C7 at the scale 
My/ stems from the diagrams in Fig. 13.41 



There are also diagrams in which the $ ± ( n ) are replaced by and by the non physical 



degrees of freedom W 5 but since the couplings of these are reduced by a factor {My/ / m t 
we will ignore them and work at this level of precision. 

Observe that we have not considered the self energies of the external legs, in opposition to 
what we did with Z — > bb because these diagrams do not contribute to O7. In addition, they 
are proportional to mt and its structure is of the form u^/^u; when all the contributions with 
this structure are added, they cancel exactly. Hence, the Z^bj^b vertex does not appear as it 
should be since it is forbidden by gauge invariance. 

The contribution of the n-th mode to the C7 coefficient can be written in the form [1 



0.22 



a 



(») 



B 



mf + mi 



in- 



1 



A 



mi + m r 



mt 



(3.63) 
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where B(x) is given by 



B(x) = - 



(x- |)logx 



(3.64) 



(s - l) 2 (x - 1) 

This result can be obtained by direct calculation but the more elegant reasoning given in 
f. [19] is also possible. An expansion of 
the two different mass scales: m n and mj. 



Ref. [32] is also possible. An expansion of Cy reveals that it is free of logarithms that relate 



° 7 "I44m2 120m4 +C; ^6 (3 ' 65) 



This result can be understood by using effective field theory ideas: when the heavy degrees 
of freedom are integrated out, the tree level effective Lagrangian is exactly the SM, there are 
no additional tree level operators suppressed by powers of m~ x . It is well known that the 
dominant logarithms that may appear relating the two different scales can be recovered from 
the running of the operators in the low energy effective Lagrangian induced by the presence of 
the additional operators, since in our case they are not present no logs can appear in Eq. Ij3.65|) . 
Finally, all contributions must be put together 



C^ ED (M W ) = C* M (M W ) + £cf } (M W ), (3.66) 

71 = 1 



where we have neglected the running between nit and Myy, i.e. Cy D (m^) Cy ED (Mw)- 

Once we have determined Cj{Mw) the next step is to apply the RGE given in Eq. (|3.60|) 
and compute CV(mf,), To this end we need C2(M\y) and Cs(Myp), Cz^Myy) = 1, i.e. it takes 
the SM value because it is a contribution at tree level while the UED contributions are at 
the one-loop level. In addition, the small coefficient of Cg in the equation l|3.6()jl and the fact 
that Cg is expected to be small allows us to neglect again this term in the running. The 
modifications to b — > civ, the necessity of which will be explained later, are also negligible 
because UED corrects it again at the one loop level and in the SM it is already corrected at 
tree level. 

To extract the bounds this process sets, it is used the observable 

_ yip S7 ) 

l -T{b^clv) [6 - b() 

that lacks the nib dependence and therefore presents smaller uncertainty (2^: 10% for the 
theoretical value and 15% for the experimental determination (both at la). When compared, 
it is found that if a 95% CL is required the current bounds allow a modification as big as a 
36% with respect to the SM value (THJ , i.e. \f total /f SM -1\< 0.36. Since the process b -> civ 
is not modified by the new physics the previous equation can be easily translated into the 
more useful one 

\C\ otal {m h )\ 2 



\C 7 SM (m b )\i 
and from this the bound can be found to be 



< 0.36 95% CL, (3.65 



R- 1 < 300 GeV 95% CL. (3.69) 
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Figure 3.5: Diagrams that contribute to the p parameter in UED. 



3.2.3 Radiative corrections to the p parameter 

The p parameter can be denned as the ratio of the relative strength of neutral to charged 
current interactions at low momentum transfer. In the SM, and at tree level, it is predicted 
to be unity as a consequence of the custodial symmetry of the Higgs potential: 

Because the SM contains couplings that violate the symmetry (the Yukawa couplings and the 
U(l) coupling g') radiative corrections modify the tree-level value of p. At one loop, p receives 
corrections from vertex, box and gauge-boson self-energy diagrams; however the dominant 
contributions, proportional to mf, come from the top-quark loops inside the gauge boson 
self- energies. Keeping only these contributions, one has 

5V(0) *z(0)„ 1 / A ^ V2G F mj 

p ~ 1 + -m^T ~^q^ + M^\ m ~ 3(0) J ~ + Ne ~-w*~' ( } 

Sty (0) and S^(0) are co-factors of the g^ in the one-loop self-energies of the W and Z bosons, 
evaluated at q 2 = 0, and £i(0) and £3(0) are the equivalent functions for the W\ and W3 
components of the SU(2) gauge bosons. In arriving at the above formula one uses the fact 
that the photon- Z self-energy i s transverse, i.e. £az(0) = 0; this last property holds only 
for the subset of graphs containing fermion-loops, but is no longer true when gauge-bosons 
are considered inside the loops of T^az (221 12H]. Finally, iV c is the number of colors. 

In UED the tree-level value is the same as in SM because, as we have seen, the first 
corrections appear at the one-loop level. The relevant diagrams are shown in Fig. 13.51 

As we are using the interaction fields, only the Q fields contribute. Since these are not the 
mass eigenfields there are more diagrams with the propagators that mix Q and U fields, but 
the latter are singlets under SU(2), and, therefore, do not couple to . No diagram with U 
fields gives any contribution, which is the reason why in this base the calculus is much easier. 
Had we chosen to work with the mass eigenstates, then we would had to consider all fields 
inside the loop because all of them have projection on the Q fields and the vertices would have 
been more complicate containing combinations of sin(a n ) and cos(a n ). 
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The self-energy corrections due to a single mode are 



isf + iY%> = 2g z N c mf 



2g 2 N c m 2 t 



(47T) 



(4tt) 2 

1 

2i 



1 
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bi{ml,m 2 Q ,q 2 ) 



(3.72) 



where 



2 i 2 

m n + m t 



1 2 

1 = - — 7 + log(47r) + log(// 2 



(3.73) 



is an arbitrary mass scale introduced in dimensional regularization. The function b\ is 
defined as 

'A(ml,ml,q 2 ) 



u < 2 2 2\ 

bi(m 1 ,m 2 ,q ) 



dx x log 



(3.74) 



and 



A(m 2 , m 2 , (? 2 ) = xm 2 , + (1 — x)m\ — x(l — x)q 2 . (3.75) 

The total contribution is found by summing up the whole KK tower. This can be done 
with a bit of care: first consider the contribution of the first N modes which can be obtained 
from Eq. (|3,72p and Eq. (|3.74p . After a bit of numerics, it can be expressed in the following 

way 



N 



J2*^=g 2 N c m 2 t 



n=l 
N 



iS 3 = =9 2 N c m 2 



n=l 



(47T) 



(4vr) 2 



N 

i 

N 



N 



XI lo S( m n) ~ ^Sl 1 + r n)+ dxX 2 Y,J 



n=l 
N 



N 



n=l 



+ r n x 



T-I> 



log(l + r n 



n=l 



From the point of view of the five dimensional theory these equations can be interpreted as the 
regularized integrations over the five components of momentum using a mixed regularization 
scheme: dimensional regularization to render finite the integral over the four momentum 
and cutoff regularization for the integral over the fifth component. The second logarithm is 
convergent, since term by term is smaller than the general term of the harmonic series 



^log(l + r n ) < 



n=l 



{m t R-Kf 
6 



(r„ > 0) 



(3.76) 



The last term in (|3,76p can be also easily summed when N — ► oo and then integrated by using 
the identity 

E x 1 a coth a — 1 
7ZZyTT~Z2 = —2 • (3-77) 



-* (mr) 2 + a 2 



2a 2 



Observe that the divergences related with the limits d — » 4 (e — ► 0) and iV — > oo cancel 
when the subtraction is performed, so we can safely take these limits. It should be this way 
because divergences present the same symmetries than the tree level terms, and at this level 
W^i and W^3 have the same mass. Thus the contribution of each mode is perfectly finite and 
reads 



Ap 



(n) 



g 2 v 2 



si n) (o)-s^(o) 



(n). 



22V, 



V2G 



47T) 



1 + -o log(l + r n ) 



(3.78) 
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where r n = mf/m^. The factor two of difference with respect the SM can be understood 
in the following way: take the limit in Eq. (|3,78p m n — ► which corresponds to gain the 
fundamental mode contribution, but this limit has to predict twice the actual contribution of 
the fundamental mode because in Eq. 1)3. 78 j) each mode has left and right contributions coming 
from Q^£r R \ and Qj™£ , R \ running inside the loops, so the proposed limit would coincide with 
the SM prediction if the fundamental mode has had left and right contribution, which is not 
the case. In addition to this, the contribution of a diagram with a given set of fields and the 
diagram with all the chiralities reversed is the same. 

Eq. 1)3.78)1 is consistent with the decoupling theorem [2H; if the mass of an individual 
mode, m n , is taken to infinity, i.e. r n — ► 0, its contribution vanishes 



(47TJ Z 

Finally 



\rn + 0(r 2 n ) 



(3.79) 



Ap UED = Y ApW = 4^ f£i n) - 4 n) l = ^c ^fC* r dx x [a^coth(a^) - l] , 
^ 9 2 v 2 L 1 3 J (4vr) 2 J v J 

(3.80) 

where we have used Eq. 1)3.77)) . This can be expressed in a more compact form 
Ap SM + Ap UED 



Ap 



SM 



2 / dx x [a\/x coth(a\/x)] , (3.81) 
Jo 



where a = m t R^. 

With the previous results we can extract the bounds coming from the experimental mea- 
sures. In order to discriminate between the corrections coming from SM and the ones coming 
exclusively from new physics we work with the T parameter as defined in PDG [2E]- It contains 
only the corrections to p coming from new physics. We will adopt the PDG definitions. 

The contribution to T can be extracted from Eq. (|3.80p . for small m t R it can be expanded 

as 

T ps 2.85(m t R) 2 [l - 0A9(m t R) 2 + 0.37(m t R) 4 ] , (3.82) 

since the contributions to the T parameter coming from new physics are bounded to be T < 0.4 
at 95 % CL, the lower bound is 

R U 1 ED > 450 GeV, (3.83) 

which at the end, will be the best of all bounds. This calculation was firstly done in Ref. ^H] 
and later on corrected in Ref. (2H|- Our result is in agreement with the latter. 



3.2.4 Radiative corrections to the B — B system 

The models we are studying in this paper fall within the so called Minimal flavor violating 
(MFV) models because they fulfill the next two conditions: 

• Only the SM operators in the effective weak Hamiltonian are relevant 

• Flavor violation is entirely governed by the CKM matrix 
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Figure 3.6: Diagrams that contribute to the B° — B° mixing in UED 



The two Higgs doublet model and the MSSM at low tan/3 (and of course the SM) belong 
also to the MFV class of models. The interesting virtue of the MFV models is that with 
respect to B° — B° mixings and the CP- violating parameter sk, they all can be parametrized 
by a single function S(xt) (23- In the literature the S(x t ) function appears also under the 
name F u , and in general ceases to be only function of xt = m 2 /My^. In our case, at the level 
of precision we are working S is only function of Xt- S(xt) can be defined as 



n 



M^G 2 F (V tb V t 



*\2 
td) 



(4vr) 2 



-5(x 4 )[d7 M (l-75)6][d7M(l-75)6]. 



(3.84) 



The dominant contributions to S(xt) will be proportional to Xt, hence proportional to 
m t proportional corrections. In SM, this function is dominated by the box diagrams with 
longitudinal W exchanges and the quark top running inside the loop 



SsM{xt) 



Xf 

4 



1 + 



9 



6 



1 



6x 2 log(xf) 



(3.85) 



The measured top quark mass m t = 175 GeV implies SsM(xt) ~ 2.5. In UED, the 
radiative corrections from new physics can be encoded into a function, which we call G(a) 
that is defined as 



x t 



S(x t ) = S SM (x t ) + 6S(x t ), 6S(x t ) = -i(G(a) - 1). 



(3.86) 



The contributions to this function come from the amplitude of the diagrams shown in 
Fig. 13.61 In contrast with what happens in the computation of the modifications to p, only the 
U fields are important in this case because the couplings of Q fields with the $ are proportional 
to the mass of the b quark. After the usual Fierz reordering and a bit of combinatorics, done 
also in the SM, the result is: 

f 1 a 2 a 4 

G UE d(«) = / dx(l-x) [a^coth(aV^) + l]«l + — - — + ..., (3.87) 
Jo 18 540 

where a = m t TrR. The last experimental determinations (22j agree with the SM expectations 



1.3 < S(x t ) < 3.8 



CL. 



(3.88) 



The possible positive contributions have been lowered with respect to previous determinations 
j2H] allowing better bounds 



Rjj l ED > 40 GeV 



CL. 



(3.89) 
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Z -> bb 


b — » s + 7 




P 


M(GeV) 


230 


300 


40 


450 



Table 3.1: Bounds coming from the different observables. 



This bound is an order of magnitude worse than the obtained using p. Conversely, if the bound 
coming from the p parameter is taken, contributions to S(xt) compatible with experiment are 
found to be relatively big. 

Given the future experimental improvements on the determinations of sin 2(3 by BaBar and 
BELLE and in particular of the mass splitting AM S for the B sector in LHC and FNAL one 
may use this observable to predict possible deviations from the SM predictions. It turns out 
that to an excellent accuracy (2H| the mentioned deviations in the case of AM S are governed 
byG(a) 

G » p M = 7X#T^ > 1 ( 3 - 9 °) 

{I\M s )sM 

The value of G{a) is too small to be discriminated experimentally. This result was initially 
derived in Ref. |2H], where it is explained that the possible existence of extra dimensions will 
not pollute the extraction of the CKM matrix parameters from the future improvements in 
the determination of the unitarity triangle. 



3.3 Outlook and conclusions 

In this chapter we have studied an extra dimensional extension of the SM, in which one single 
extra dimension is accessible to all the fields. This scenario is called universal extra dimension, 
or UED. As explained in the previous chapter, one consequence of the universal scenarios is 
the "conservation" of KK number, what implies that the corrections to the SM results are at 
least one-loop suppressed. Given the smallness of these corrections we have studied precision 
observables that display a strong dependence on the mass of the top-quark, mt, because 
this dependence enhances the relative importance of the new physics with respect to the SM 
predictions. In particular, we have studied the radiative corrections for the Z — > bb decay, the 
p parameter and the B° — B mixing. The b — ► 57 process has been also studied. Although 
it is not enhanced by a large mass, the relative impact of the new physics is important for it 
because in the SM it is one-loop suppressed, hence the new contributions can be competitive 
with the SM radiative corrections. 

By comparing these different observables with data, bounds on the compactification scale, 
R, can be set. Equivalently, these results can be translated into bounds on the mass of the 
first member in the KK tower, M = R , The table 13. ll summarizes the results. The scale 
of the new physics can be as low as 450 GeV without contradicting any of the experimental 
determinations. This is a relatively low value for M because precision observables, in general, 
tend to establish the scale of any new physics around or above the TeV. The reason why the 
scale for the universal extra dimension can be so low without affecting too much precision 
observables is the above mentioned one-loop suppression due to the KK number conservation. 



Chapter 4 



SM with one latticized universal extra 
dimension 



In the previous chapter we have studied models with one extra dimension and with all SM 
fields propagating in it. The models displayed two different energy regimes: the low energy, 
below the compactification scale, reduced to the SM while the high energy regime described the 
couplings among the modes of the KK towers. Because of the presence of the extra dimension 
the coupling constants are dimension full, in particular Yukawa couplings and gauge couplings, 
that are dimensionless quantities in the SM, have dimensions of energy raised to some negative 
power, which is the reason why these theories are non-renormalizable. Hence, they must be 
understood as effective field theories that in their low energy limit reduce to the SM. A possible 
ultraviolet completion was proposed in Ref. |3()j . which eventually treated the extra dimensions 
as if they were discontinuous. The idea of a discretized dimension was also simultaneously 
suggested in Ref. [H2 E2| The latter is not really an ultraviolet completion because the 
Lagrangian is described by a number of cr-models, but for this class of models there are some 
known possible renormalizable extensions. The aim of this chapter is to investigate how the 
phenomenology is modified in models with discretized, sometimes also called latticized, extra 
dimensions; specifically, we will study the latticized version of UED, called in the following 
LUED. 

4.1 The model 

The Lagrangian is divided, as usual, in four pieces 



The gauge piece, Cg, is the one associated to the gauge group G = fL_Q SU(2)i x U(l)i and 
it also contains some scalars fields which will be necessary on the following, their role will be 
clarified later 



Cg + C f + C h + Cy. 



(4.1) 




N-l 



(4.2) 



i=0 



N-l 



(4.3) 



i=l 
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where F^ v is the strength tensor associated with the gauge field of the i-th SU{2)i and F^ v is 
the one for U(l)i. $j and fa are the elementary scalars that will acquire a VEV independent 
of i due to the potential term V{fb,fa). Each of them become effectively nonlinear a model 
fields that can be parametrized as usual in terms of the scalar fields 7Tj and irf 

fa = l e W«i = V2 e™i aa / 2v * (4.4) 

v2 

v\ and V2 are the VEVs of fa and respectively and a a are the Pauli matrices. In this work 
we will concentrate in the so called " aliphatic model" in which the 3>j fields are assumed 
to transform as (2,2) under the groups SU(2)i and SU{2)i_\ and as singlets for the rest, 
they carry no £7(l)j charge. On the other hand, the fa fields are singlets under all the SU{2) 
groups and they are charged only under U(l)i and with hypercharges (1*,— 

later on, every Yi will be set to Y{ = 1/3 With this, the covariant derivative reads 

= d^i - iW^i + iQiWm-i (4-5) 

where W^i = gW^Tf- , T" are the generators of the SUi(2) and g is the dimensionless gauge 
coupling constant that is assumed to be the same for all the SU{2) groups. The covariant 
derivative for fa can be constructed similarly. The gauge coupling constant for all the U(l) 
groups will be called g'. 

The next piece is the fermionic one, £f, it contains the following fields (generational indices 
assumed) 

Qui 



Qi 



Q 



til 



Ui Di i = 0,...,JV-l, (4.6) 



where we have used a similar notation than in the continuous case. Qi transforms as a doublet 
under SU{2)i and as a singlet for the rest of SU(2) groups and among the U(l) fields it is 
only charged under U(l)i with hypercharge Yq = 1/3. On the contrary, Ui and Di are only 
charged under U(l)i with hypercharges Yjj = 4/3 and Yd = —2/3. They are all vector fields 
with right and left handed chiral components except for i = 0. In this case they are chiral 
fields, Q is left-handed and U and D are right-handed, which is equivalent to impose 

Qor = U OL = D 0L = (4.7) 

With this we can split the fermionic piece in: Cp = Cq + L\j + Cd, where 

N-l N-l _ / $ t a\ \ 



C Q = E \QiLtyQiL + QiRliPQiR] - E M f®iL l^yV- Qi+lR - QiR ) + h.C. 



i=0 i=0 
and 



(4.8) 



N-l N-l / A\ \ 

C V = Y\ WiR i] P U iR + U iL ipU iL ] + V M/LTifl 7' % - E^iL ) + h.c. (4.9) 

i=n V t"i/v 2 J / 



i=0 



£d can be extracted from Cu making the next substitutions, U — > D, fa — > <f>\ and the 
exponent should be replaced 4^2. In the previous formulae Ip is the usual covariant 
derivative associated with the gauge group G and My is a generic mass that in principle could 
depend on i but for simplicity it is set independent of i. The exponent of the 4> fields must 
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be adjusted in each case because the terms must be invariant under G by construction. In 
addition, when the index of a field runs out of bounds it is understood as a zero, for instance 
in Eq. 1)4 . 8 j) it must be set Qnr = 0, and so on. 

The next piece in the Lagrangian, Ch, is the one associated with the Higgs doublet [H2j 



N-l 



i=0 



i+l9i+l 



«1 



2) 3 



V-2 



V(Hi 



(4.10) 



where Hi is a doublet under SU (2)j and singlet for SU (tyj^i with hypercharges Y{ = 1 and 
Yj^i = 0. We parametrize its components as 



Hi 



i = 0,l,...,N -1. 



(4.11) 



As a potential it is chosen 



V{H i ) = -m 2 H\H i + ^{H\H l ) 2 



A 



(4.12) 



Finally the Yukawa sector, Cy, will be taken with the Yukawa matrices independent of i 

N-l N-l 



£y=Y1 QiYuHfUi + Y, QiY d HiDi + h.c. 



(4.13) 



8=0 



i=0 



where Hf = ij H* is the usual Higgs doublet conjugate. 



4.1.1 Relation with continuous extra dimensions 

The fields and couplings proposed in the above lines are set to describe a situation in which 
the full SM is contained in a five dimensional space-time with four spacial dimensions but with 
the extra fifth dimension latticized. In LUED the length of the new dimension, L, is taken 
to be finite and a new variable R is defined through the relation L = nR, this will simplify 
the comparison of the results with the continuous situation. The extra volume is filled with 
4D surfaces equally spaced by a distance a, the first one situated in x 5 = 0, see Fig. 14.11 
Therefore, these magnitudes fulfill the trivial relation 



vri? 
N-l' 



(4.14) 



In this picture every field that propagates in the fifth dimension will be represented by the N 
values that it takes in the different surfaces, i.e. V'il 3 ^) = ^(x^x 5 = ia). This is the reason 
why we have N copies for each of the SM fields. 

But the $ and <p fields were not previously present in SM. They are related with the 
component of the five dimensional gauge fields polarized in the direction of the extra dimension, 
generically denoted by W5. In the continuous theory these components are necessary in order 
to define a consistent covariant derivative. In our case the relation between these fields is (H^ 



§i(x^) = exp 



ig I dx 5 W 5 (^,x 5 ) 

(i-l)o 



1,...,N-1. 



(4.15) 
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Figure 4.1: Schematic representation of the discretization in the extra dimensions. 



In other words the $ fields are Wilson lines connecting two adjacent surfaces, that is the 
reason why there are only N — 1 copies of them, instead of the N that have the rest of the 
fields. Eq. (|4. 1 f>|) enables us to reinterpret the interaction terms between the different fields 
present in the Lagrangian with the $'s as a lattice approximation of their covariant derivatives 
provided that the general masses obey Mj = Mq = 1/a. 

We have exploited this picture when writing the interaction terms of the fermions. Note 
the relative sign between the Q doublets and the U and D singlets, compare Eq. (|4.8|l with 
Eq. (|4.9|) . Written in this form it will be easier to extract the spectrum of the theory and both 
possibilities are equally legitimate since they are lattice approximations, to the same order, of 
the fifth covariant derivative. 

When studying continuous extra dimensions sometimes some of the fields are not allowed 
to propagate through the extra volume, there are many variations in the literature, but in 
particular we will study in chapter Elthe case when only fermion fields do not propagate in the 
extra dimension, LHG. The Lagrangian for this case can be obtained by setting in the above 
described one, ipm = ipiL = for i ^ 0, where ip stands for any fermion field. 

As a last remark, the assumption that the coupling constants are independent of the 
position translates in the latticized scenario as an independence on the index i of each group, 
i.e. g t = g(x 5 = io) = g. 

4.1.2 The spectrum of the model 

Before extracting the bilinear terms from C it is interesting to study which fields can be 
removed from the spectrum by exploiting the gauge freedom. Under a generic transformation 
of G the $j transforms as 

$i = U^UI, Ui £ SU(2)i. (4.16) 

Since the vacuum configuration is by construction $j = i^l, it is clear that only the gauge 
transformation defined by Uq = U\ = . . . = Un~i leaves invariant the vacuum, i.e. the 
diagonal group SU(2)d remains unbroken after the SSB, analogously for fa. Therefore 
G — > SU(2)d x U(1)d- This procedure removes the tt fields from the spectrum and leaves 
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massless only one combination of the gauge bosons. This amounts to work in the unitary 
gauge and it is indeed the approach followed in Ref. where SU(2)d x U{1)d is iden- 

tified with the SM electroweak gauge group which is further broken by the usual SM Higgs 
VEV. We will not follow those steps and instead we will work in an arbitrary i?£-covariant 
gauge, in the same line as it was done in Ref. [HE], therefore maintaining explicitly the ir fields. 

Extracting the bilinear terms is lengthy and cumbersome, but straightforward otherwise. 
Prom Cq it can be obtained 



N-l N-l 

C G = E ■ ^ + M iKM a + E £ + M^W&V^. (4.17) 



i=0 i=l 



Here we only show the SU (2) piece but the U(l) one is similar. The new tilde fields are related 
with the initial ones by the next change of base 



N-l N-l 



w% = Y, a a w Zj < = E h v w *3 ( 4 - 18 ) 

where the a and b matrices are 



i=0 i=l 




and 



cos 



7T 



2i + l J7T 

2 N 



^ = v^ s H* J 'ivJ (4 - 20) 



F is understood to be the usual kinetic term for gauge bosons expressed now in terms of W^. 
Finally, the masses Mj are 

/ in\ N - 1 / m\ , 
Mi = 2gv 2 sin = 2 sin , (4.21) 

where we have chosen as usual gv 2 = 1/a to guarantee that the large N limit reproduces the 
continuous scenario 1 [HQ. The massless vector bosons W° and are associated to the SM 
model gauge bosons. They are the gauge vector bosons of the unbroken diagonal group and 
consequently this last is identified with the SM gauge group. 
On the other hand, the bilinear terms for the fermions are 

_ _ N-l_ _ 

4f + 4 2) = QolWQol + UoRifiUoR + Y QiW - M *)Qi + + Mi)Ui, (4.22) 

i=i 

where the vector like fields are defined as Qi = QiR + QiL and similarly for C/j. The tilde fields 
are given by 

QiL = CLijQjL UiR = aijUjR ^ ^g-j 

QiR = bijQjR UiL = bijUjL 



x Eq. 14. 2 H could also have been written in the form Mi = 2N/ivR sin(i7r/2iV), as it is done in Ref. |31j : the 
large limit is the same. This will not be a problem because the bounds that we will obtain are completely 
independent of which of the two definitions is taken. 
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the mass Mi appearing in Eq. I|4.22|) is the one defined in Eq. (|4.2ip provided Mf = 1/a. This 
will be advantageous when studying the Yukawa terms. The relative sign in the mass terms 
is a common feature after dimensional reduction in theories with universal (continuous) extra 
dimensions, where it is due to the definition of the fifth gamma matrix, T 4 = i'y 5 [UH- Here it 
has been explicitly introduced in Eq. 1)4 . 8 j) and Eq. 1)4.9)1 . precisely to reproduce this feature. 

Finally, in the Higgs sector one must perform the change of basis Hi = dijHj and the 
masses are now 

This equation shows that Hq will break spontaneously symmetry, hence it is identified with the 
SM Higgs doublet, i.e. (H ) = v/y/2 with v = 246 GeV. This means that new contributions 
to the masses came from the Yukawa piece Cy and the covariant derivative of H. The Yukawa 
piece in terms of the tilde fields can be written as 

Y ~ ~ — Ya ~ ~ 
C y=H Qi~kM U * + Gi-7=#oA + h.c. (4.25) 

where we have concentrated on the terms containing the Higgs doublet. It has been used 
Eq. 1)4.23)1 . From the first term in the sum of Eq. (|4.25|l is easy to convince oneself that 
Y u = Y u j\[N is the SM Yukawa matrix. When the Higgs doublet acquires a VEV one must 
diagonalize Y u using the same field redefinitions as in SM, Q ui -» ulQ uh Ui -» V$Ui. At the 
end the mass matrix for fermions will be 2 




« v ) { z; Mi ) { hi ) ^ 

where / is the index of the generation, in this case / = u,c,t. This mass matrix is exactly the 
same obtained in the continuous scenario with one extra dimension by making the substitution 
m n — > M n PHI, where m n = n/R is the mass of the n-th Kaluza-Klein mode of the field in 
the absence of Yukawa couplings. As a consequence the mixing between the Q and U is the 
same as in that scenario as well as the masses M(Q' i j) = yj Mf + m 2 , prime denotes mass 
eigenfields, for later reference rriQ = M(Q' i j) 

-fee**, sma if \(Ulf) (4 27) 

7 sina 8 / cosaif J \ Q if J 

where tan(2a«j) = rrif/Mi. As in the continuous situation we are specially interested in the 
case / = t. 

Notice that the zero-th modes have exactly the same masses as in SM, all of them coming 
purely from the Yukawa piece in Eq. (|4.25|l which, as said, for the zero-th modes coincides 
exactly with the SM Yukawa sector. In fact, the same happens for the rest of the pieces in 
the Lagrangian and one can safely identify the zero-th tilde fields, Qol, Uqr and Dqr, with 
the SM fields. 

We will not show it explicitly but the SSB of the Higgs doublet will cause the usual mixing 
between and B^i with 9 W as the weak mixing angle [H2|, instead we will concentrate on 

2 We do not study explicitly the term containing Yd because it does not contain the mass of the top-quark, 
rot, but its treatment would be completely similar. 
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the mixing of the charged bosons. Coming from Ch and due to the VEV of Hq the next terms 
arise 

Cf = iMwW'd^t + M^W~Wt + - M^W 5 ~W+ + iM w MiW^t + hc - ( 4 - 28 ) 

In addition, due to the quartic couplings in Eq. (|4.12jl the masses for Hi are shifted from 
Eq. I|4.24jl to Eq. (|4.21|1 . This implies, jointly with Eq. ()4. 17|l . that there is a combination 
of fields, <J>^, that act as a Goldstone field absorbed by which acquires in the process 

a mass M(W^) = <J My^ + Mf . The orthogonal combination is a physical scalar, $p i , with 
the same mass. 

*+ = ^+ + iM w *i Mw ^~ rl (4 29) 

*J. = * M wW£ + Mw ->o ~ + (4 3Q) 

In the limit in which all the mass scales below mt are neglected, the Goldstone bosons and the 
physical scalars can be directly identified with and $>f respectively. There will be terms 
that cross the massive vector bosons with the derivatives of their Goldstone bosons, 
these can be removed using a convenient R% gauge as done in |271 134*] . 

With this, we have concluded the demonstration that, at least for the degrees of freedom 
we will be interested in, the spectrum of this model is equivalent to one continuous universal 
extra dimension with m n replaced by M n , 



4.1.3 Couplings 

Our aim will be to extract the dominant corrections to some precision observables and from 
them to extract bounds on the new physics. We will concentrate on the corrections propor- 
tional to the top-quark mass mt, thus as a approximation we will identify = and 
^Gi = wn i cn is equivalent to neglect Myy. This will simplify greatly the calculus. In the 
next lines we will extract the relevant couplings under the previous approximations. 

^ For computing the contributions to the p parameter we will work with the base of fields 
{Qi,Ui} instead of the mass eigenfields {Q^U^} because in the former the couplings with 
W^q 3 , the only ones needed, are rather simple 



£ p = f E Ko QwfQa + Qib^Qi 



N-l 



+ w, 



(4.31) 



where we have already used the relation g = g/VN [S2J- So the couplings in this base are the 
same as in SM but with the difference that the propagators of the tilde fields are 
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From the Yukawa piece, the couplings proportional to are 



£y = Y1 m t—V tb U tiR <5>tb L + h.c. (4.32) 



v 
i=l 



The couplings with the Z will be required, these can be obtained from 



Cz = -£rZr[J$ M + J£ + J& (4.33) 



where Jg M is the usual SM current and 



N-l , 1 \ _ 1 _ 

J f = E ( 1 " 3 s - ) Qti-fQti ~ otiUiffUit (4.34) 

4 = E(- 1+2s -)^ M ^ r+h - c - ( 4 - 35 ) 



1=1 



The couplings with the photon can be derived similarly. 



4.2 Phenomenology 

In this section we establish which is the minimum value for the energy scale of the new physics 
allowed by experiments. We set bounds on the first mode, M\, as defined in Eq. H4.21|) and 
called simply M in the following. To this end, we compute the impact of the new physics on a 
set of standard electroweak observables. In particular, we focus on those which in SM display 
large radiative corrections due to their strong dependence on the top-quark mass: the decay 
rates b — ► s 7 and Z — » bb, the p parameter and the rates of B° ^ B°. We expect that they 
will be also very sensitive to the top mass since the structure of these kind models is basically 
the same of the SM replicated. 



4.2.1 Radiative corrections to the Z — > bb decay 

The theory developed in Sec. 13.2. H can be straightforwardly used here, in particular the new 
physics is also parametrized through the modifications to gi,. Now these come from the same 
set of diagrams displayed in Fig. 13.31 where the tilde fields are now the fields that run inside 
the loop. The different contributions are parametrized in exactly the same way they were in 
the continuous scenario, we reproduce them here for commodity of the reader. 



(4.36) 
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where u and v! are the spinors of the b quarks and e M stands for the polarization vector of the 
Z boson. The argument of the function / is now = mf/M 2 . 



f {a) (n) 
f {b) {n) 

/ (c) (ri) 
f {d) in) + f (e) {n) 



log(i + n) 



Si-1 + 



2ri + rf - 2(1 + rf) log(l + n 



1 



+ s 



2 

2 3 1 



2rf 

„2 on i 



5i + 
Si + 



2n + Zrl -2{l+r i y\og(l + r i 
2r? 

2n + 3rf - 2(1 + rjf log(l + n 
2r} 



(4.37) 
(4.38) 
(4.39) 
(4.40) 



where 5{ = 2/e — 7 + log(47r) + log(^ 2 /M 2 ), and /z is the 't Hooft mass scale. From the above 
equations it is straightforward to verify that all the terms proportional to Si cancel, and so 
do all terms proportional to s^. Thus, finally, the only term which survives is the term in 
f^ a \ri) not proportional to s^, yielding the following contribution 



$9Li 



V2G 



(47r) i 



n - iog(i + Ti 



(4.41) 



The gaugeless limit leads exactly to the same conclusions as it is done in Ref. [HS] to derive es- 
sentially the same calculation in UED. Notice also here the absence of logarithms in Eq. (|4,4ip 
when n — > 0. The full contribution 5g^ p = Yli^ 1 $9Li expressed in terms of F(a) can be 
written in the form 



■Plued(o) 



1 N-l 



a 2 x 



4(iV - l) 2 sin 2 (i7r/2iV) + a 2 x 



(4.42) 



This function captures the correction proportional to m 2 , the full one loop result could be 
adapted from Ref. jESj by replacing m n — ► M« as explained above. We have shown in Sec. 13.2. il 
that F(a) - 1 < 0.39 at 95%C.L., from which the results displayed in Fig. 021 follow. 



4.2.2 Radiative corrections to b 



Given the similitude with the continuous case we will not develop all the theory again, instead 
we will focus on the computation of the contribution to the i-th mode to the C7 coefficient, 
Cn(Mw)- Again, it comes from the diagrams of Fig. I3.4| when the tilde fields are the ones 
that run inside the loop and amounts to 
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(4.43) 



where A(x) and B(x) are defined in Eq. (|3.59|1 and Eq. ()3.H4|1 respectively. Of course, an 
expansion of C-j j is free of logarithms that relate the two different mass scales Mj and mt, 
due to the same reasons as in the continuous scenario. The total result reads 
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Figure 4.2: The bounds on the mass of the first KK mode, M, as a function of the number of sites N. 



where we have neglected the running between m t and M^y, i.e. C-j i(m t ) ~ Cn(Mw)- To 
take into account the QCD running from M\y to m& Eq. H3.60JI is used. Again C2 takes the 
same value as in SM model C^M^y) = 1 and the contribution of C%(My/) is neglected. The 
modifications to b — > civ are also negligible because LUED corrects it again at the one loop 
level. 

Using the result derived in Ref. ^ 
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< 0.36 95% CL. 



|Cf M (m 6 )| 2 

With this the results can be extracted, and they are shown in Fig. 14.2 



(4.45) 



4.2.3 Radiative corrections to the p parameter 

For this observable the same steps as in the continuous cases must be done, this leads to 
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(4.46) 



where = m 2 /M 2 and the correspondent diagrams are displayed in Fig. 13.51 The total 
contribution would be found summing 

A/Q LUED = Ap SM + Af) , NoW; for each yalue 

of the number of sites N we can extract the correspondent bounds, these are displayed in 
Fig. IO 

4.2.4 Radiative corrections to the B° — S° system 



The new physics modifies the value of S(xt) defined in Eq. (|3.84p and again we parametrize 
this modification through the function G(a). The diagrams are the ones in Fig. 13.61 when the 
tilde fields run inside the loop and the result is 
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The last experimental determinations (23, agree with the SM expectations 

1.3 < S(xt) < 3.8 95% CL. (4.48) 

The possible positive contributions have been lowered with respect to previous determinations 
j2H] allowing better bounds. Despite the enhancement on the upper bound in Eq. (|4.48|) the 
bound on M is still rather weak. At the end, the bounds one can set on the masses of the new 
modes are below the W mass, and are therefore irrelevant compared to previously discussed 
bounds. Given the future experimental improvements on the determinations of sin 2(3 by 
BaBar and BELLE and in particular of the mass splitting AM S for the B sector in LHC and 
FNAL one may use this observable to predict possible deviations from the SM predictions. It 
turns out that to an excellent accuracy the mentioned deviations in the case of AM S are 
governed by G(a) 

{AM s )sm 

The greater values of G{a) occur for small N but they are at most G(a) < 1.14 that happens 
to be a too small deviation to be discriminated experimentally, in fact it is of the same order 
as the deviation studied in Ref. [22] and therefore the same reasonings given there apply here. 
The virtue of this results is that the possible existence of extra latticized dimensions will not 
pollute the extraction of the CKM matrix parameters from the future improvements in the 
determination of the unitarity triangle. 



4.3 Outlook and conclusions 

We have studied a five- dimensional extension of the SM in which the extra spatial dimension 
is latticized, and all SM fields propagate in it. The model has the property that there are no 
tree-level effects below the threshold of production of new particles. Therefore, to set a lower 
bound on the scale of the new physics one should consider one-loop processes. We considered 
a number of well-measured observables, and which depend strongly on the top-quark mass: 
the p parameter, b — > sj, Z — > bb, and the B° ^ B mixing. The dominant corrections, 
i.e. those proportional to the top-quark mass, have been computed, and compared with the 
ones obtained when only the SM is considered. It is found that the known bounds for the 
continuous version (UED) are rapidly reached when the extra dimension is latticized by only 
about 10 to 20 (four dimensional) sites. However, when a smaller number of sites is considered, 
the bounds on the scale of new physics is lowered by roughly a factor of 10%-25%, as can be 
seen in Fig. 14.21 This suggests that the phenomenology of latticized scenarios can be more 
accessible than in the continuous cases. Then, the limits on new particles are about 320- 
380 GeV. The bounds shown in Fig. 14.21 correspond to the mass of the lightest modes, defined 
in Eq. ijPT) . 



Chapter 4. SM with one latticized universal extra dimension 



Chapter 5 



Power corrections in models with 
extra dimensions 

We revisit the issue of power-law running in models with extra dimensions jHH|. The analysis is 
carried out in the context of a higher-dimensional extension of QED, with the extra dimensions 
compactified on a torus. It is shown that a naive (3 function, which simply counts the number of 
modes, depends crucially on the way the thresholds of the Kaluza-Klein modes are crossed. To 
solve these ambiguities we turn to the vacuum polarization, which, due to its special unitarity 
properties, guarantees the physical decoupling of the heavy modes. This latter quantity, 
calculated in the context of dimensional regularization, is used for connecting the low energy 
gauge coupling with the coupling of the D-dimensional effective field theory. We find that the 
resulting relation contains only logarithms of the relevant scales, and no power corrections. If, 
instead, hard cutoffs are used to regularize the theory, one finds power corrections, which could 
be interpreted as an additional matching between the effective higher-dimensional model and 
some unknown, more complete theory. The possibility of estimating this matching is examined 
in the context of a toy model. The general conclusion is that, in the absence of any additional 
physical principle, the power corrections depend strongly on the details of the underlying 
theory. Possible consequences of this analysis for gauge coupling unification in theories with 
extra dimensions are briefly discussed. 

5.1 Introduction 

The study of models with extra dimensions has received a great deal of attention recently (S3 
EHllHniEn], mainly because of the plethora of theoretical and phenomenological ideas associated 
with them, and the flexibility they offer for realizing new, previously impossible, field-theoretic 
constructions. One of the most characteristic features of such models is that of the "early 
unification": the running of gauge couplings is supposed to be modified so strongly by the 
presence of the tower of KK modes, that instead of logarithmic it becomes linear, quadratic, 
etc, depending on the number of extra dimensions [TTl P^l P^l P^l P^l P^l PT1 P^l IT^l [5fTl I^TT 
E21 EH1 EH ESI ESI EH • Specifically, it has been widely argued that the gauge couplings run as 
fi s , where the 5 is the number of compact extra dimensions. Thus, if the extra dimensions are 
sufficiently large, such a behavior of the couplings could allow for their unification at accessible 
energies, of the order of a few TeV, clearly an exciting possibility. 

The assertion that gauge-couplings display power-law running is based on rather intuitive 
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arguments: In MS schemes the QED (3 function is proportional to the number of "active" 
flavors, namely the number of particles lighter than the renormalization scale. Using this 
argument, and just counting the number of modes lighter than fi, one easily finds that the 
"/3 function" of QED in models with extra dimensions grows as /A This behavior is also 
justified by explicit calculations of the vacuum polarization of the photon using hard cutoffs; 
since the cutoff cannot be removed, due to the non-renormalizability of the theory, it is finally 
identified with the renormalization scale, a procedure which eventually leads to a similar 
conclusion [121 ES] (but with the final coefficient adjusted by hand in order to match the naive 
expectation in MS). 

Even though these arguments are plausible, the importance of their consequences requires 
that they should be scrutinized more carefully (^HJ. In particular, the argument based on MS 
running is rather tricky. As it is well known, the MS scheme, because of its mass indepen- 
dence, does not satisfy decoupling, already at the level of four-dimensional theories. Instead, 
decoupling has to be imposed by hand every time a threshold is passed: one builds an effec- 
tive theory below the threshold, m, and matches it to the theory above the threshold. This 
matching is carried out by requiring that some physical amplitude or Green's function (i.e. 
the effective charge) is the same when calculated using either theory, at energies where both 
theories are reliable, namely at Q 2 much below the threshold. Then, since the renormalization 
scale, //, is still a free parameter, one chooses /i around m, in order to avoid large logarithms in 
the matching equations. In the case of gauge couplings and MS schemes with Tr {/Dirac} = 4 
one finds (at one loop) that gauge couplings are continuous at /i = m. This statement is, 
however, extremely scheme dependent: just by choosing Tr{/Dirac} = 2 D / 2 it gets completely 
modified (see for instance (Ml) ■ In addition to these standard ambiguities, a new compli- 
cation arises in the context of higher-dimensional models. In particular, the aforementioned 
procedure requires that the different scales be widely separated in order to avoid that higher 
dimension operators, generated in the process of matching, become important. However, the 
condition of having well-separated thresholds is rather marginally satisfied in the case of an 
infinite tower of KK modes with M n = nM c (M c is the compactification scale). In fact, as we 
will see in detail later, the results obtained for a f3 function that just counts the number of ac- 
tive modes depend very strongly on the prescription chosen for the way the various thresholds 
are crossed. 

As has been hinted above, the deeper reason behind these additional type of ambiguities 
is the fact that, gauge theories in more than 4 dimensions, compactified or not, are not 
renormalizable. At the level of the 4-dimensional theory with an infinite number of KK modes 
the non-renormalizability manifests itself by the appearance of extra divergences, encountered 
when summing over all the modes. If the theory is not compactified the non-renormalizability 
is even more evident, since gauge couplings in theories with 5 extra dimensions have dimension 
l/M 5 / 2 . Therefore, gauge theories in extra dimensions should be treated as effective field 
theories (EFT). Working with such theories presents several difficulties, but, as we have learned 
in recent years, they can also be very useful. In the case of quantum field theories in extra 
dimensions, there is no alternative: basic questions, such as the calculation of observables or 
the unification of couplings, can only be addressed in the framework of the EFT's. However, 
before attempting to answer specific questions related to the running of couplings in the extra- 
dimensional theories, one should first clarify the type of EFT one is going to use, since there 
are, at least, two types of EFT [SD]: In one type, known as "Wilsonian EFT" (WEFT) pTTj - 
one keeps only momenta below some scale A, while all the effects of higher momenta or heavy 
particles are encoded in the couplings of the effective theory. This method is very intuitive 
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and leads, by definition, to finite results at each step; however, the presence of the cutoff in all 
expressions makes the method cumbersome to use, and in the particular case of gauge theories 
difficult to reconcile with gauge-invariance. The WEFT approach has already been applied 
to the problem of running of couplings in theories with compact extra dimensions, but only 
for the case of scalar theories [EI]- Within the context of another type of EFT, often termed 
"continuum effective field theories" (CEFT) (see for instance [S3 ESI Ell E3 E3 ESI EH), one 
allows the momenta of particles to vary up to infinity, but heavy particles are removed from the 
spectrum at low energies. As in the WEFT case the effects of heavier particles are absorbed 
into the coefficients of higher dimension operators. Since the momenta are allowed to be 
infinite, divergences appear, and therefore the CEFT need to undergo both: regularization 
and renormalization. In choosing the specific scheme for carrying out the above procedures 
particular care is needed. Whereas in principle one could use any scheme, experience has 
shown that the most natural scheme for studying the CEFT is dimensional regularization 
with minimal subtraction [S3 EH1 El E3 E3 ESI EH • CEFT are widely used in Physics: for 
example, when in the context of QCD one talks about 3, 4 or 5 active flavors, one is implicitly 
using this latter type of effective theories [SE1EH]- Moreover, most of the analyses of Grand 
Unification [S3 EH resort to CEFT-type of constructions: one has a full theory at the GUT 
scale, then an effective field theory below the GUT scale (SM or MSSM) is built, and then 
yet another effective field theory below the Fermi scale (just QED+QCD). In these cases 
the complete theory is known, and the CEFT language is used only in order to simplify the 
calculations at low energies and to control the large logarithms which appear when there are 
widely separated scales. Nevertheless, CEFT's are useful even when the complete theory is 
not known, or when the connection with the complete theory cannot be worked out; this is 
the case of Chiral Perturbation theory (\PT) [23 ED H3 HHj (f° r more recent reviews see also 
[SHUHEE]). 

It is important to maintain a sharp distinction between the two types of EFT mentioned 
above, i.e. Wilsonian or continuum, because conceptually they are quite different. However, 
perhaps due to the fact that the language is in part common to both types of theories, it 
seems that they are often used interchangeably in the literature, especially when employing 
cutoffs within the CEFT framework. In particular, since the couplings a, have dimensions 
[ai\ = M~ n , when computing loops one generally obtains effects which grow as (A n aj) m , 
where A is the formal CEFT cutoff, and as such is void of physics. As a consequence, physical 
observables should be made as independent of these cutoffs as possible by introducing as many 
counterterms as needed to renormalize the answer. Not performing these renormalizations 
correctly, or identifying naively formal cutoffs with the physical cutoffs of the effective theory, 
can lead to completely non-sensible results (see for instance (JSlCZj)- This type of pitfalls 
may be avoided by simply using dimensional regularization, since the latter has the special 
property of not mixing operators with different dimensionalities. 

The usual way to treat theories with compactified extra dimensions is to define them as 
a 4-dimensional theory with a truncated tower of KK modes at some large but otherwise 
arbitrary N s , a procedure which effectively amounts to using a hard cutoff in the momenta 
of the extra dimensions. Thus, physical quantities calculated in this scheme depend explicitly 
on the cutoff N Sl which is subsequently identified with some physical cutoff. However, as 
already commented, N s plays the role of a formal cutoff, and is therefore plagued with all 
the aforementioned ambiguities. Identification of this formal cutoff with a universal physical 
cutoff can give the illusion of predictability, making us forget that we are dealing with a non- 
renormalizable theory with infinite number of parameters, which can be predictive only at low 
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energies, where higher dimension operators may be neglected. 

In this paper we want to analyze the question of the running of gauge couplings in theories 
with compact dimensions from the CEFT "canonical" point of view. We hasten to emphasize 
that even the CEFT presents conceptual problems in theories with compactified dimensions. 
Specifically, as mentioned above, in the CEFT approach the (virtual) momenta are allowed 
to vary up to infinity; however, momenta related to the compactified extra dimensions turn 
out to be KK masses in the 4-dimensional compactified theory, where it is supposed that one 
only keeps particles lighter than the relevant scale. Thus, truncating the KK series amounts 
to cutting off the momenta of the compactified dimensions. Therefore, in order to define a 
true "non-cutoff" CEFT scheme we are forced to keep all KK modes. Our main motivation is 
to seriously explore this approach, and investigate both its virtues and its limitations for the 
problem at hand. We hope that this study will help us identify more clearly which quantities 
can and which cannot be computed in effective extra-dimensional theories. 

In section 15.21 we discuss the usual arguments in favor of power-law running of gauge 
couplings and show that they depend crucially on the way KK thresholds are crossed. In 
particular we show that, a one-loop (5 function which simply counts the number of modes, 
diverges for more than 5 dimensions, if the physical way of passing thresholds dictated by the 
vacuum polarization function (VPF) is imposed. 

In section l5~3l we introduce a theory with one fermion and one photon in 4+<5 dimensions, 
with the extra 5 ones compactified. This theory, which is essentially QED in 4+5 dimensions, 
serves as toy model for studying the issue of power corrections and the running of the coupling 
in a definite framework. 

In section IB~4l we study the question of decoupling KK modes in the aforementioned theory 
by analyzing the behavior of the VPF of the (zero-mode) photon. Since, as commented above, 
decoupling the KK modes one by one is problematic, we study the question of how to decouple 
all of them at once. To accomplish this we consider the VPF of the photon with all KK 
modes included, and study how it reduces at Q 2 <C M c to the standard QED VPF with 
only one light mode. Since the entire KK tower is kept untruncated, the theory is of course 
non-renormalizable; therefore, to compute the VPF we have to regularize and renormalize 
it in the spirit of the CEFT, in a similar way that observables are defined in xPT. As in 
XPT, it is most convenient to use dimensional regularization with minimal subtraction, in 
order to maintain a better control on the mixing among different operators. However, at 
the level of the 4-dimensional theory the non-renormalizability manifest itself through the 
appearance of divergent sums over the infinite KK modes, and dimensional regularization 
does no seem to help in regularizing them. The dimensional regularization of the VPF is 
eventually accomplished by exploiting the fact that its UV behavior coincides to that found 
when the 5 extra dimensions have not been compactified 1 . To explore this point we first resort 
to the standard unitarity relation (optical theorem), which relates the imaginary part of the 
VPF to the total cross section in the presence of the KK modes; the latter is finite because the 
phase-space truncates the series. For Q 2 S> M 2 the uncompactified result for the imaginary 
part of the VPF is rapidly reached, i.e. after passing a few thresholds. We then compute 
the real part of the one-loop VPF in the non-compact theory in 4 + 6 dimensions, where, of 
course we can use directly dimensional regularization to regularize it (since no KK reduction 

lr This is in a way expected, since for very large Q 2 3> M c — 1/R C the compactification effects should be 
negligible. Note, however, that this is not always the case; a known exception is provided by the orbifold 
compactification |58j . 
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has taken place). For later use we also present results in which the same quantity is evaluated 
by using hard cutoffs. Finally, we show that the UV divergences of the one-loop VPF are 
indeed the same in both the (torus)-compactified and uncompactified theories. Therefore, in 
order to regularize the VPF in the compactified theory with an infinite number of KK modes 
it is sufficient to split the VPF into two pieces, an "uncompactified" piece, corresponding to 
the case where the extra dimensions are treated at the same footing as the four usual ones, 
and a piece which contains all compactification effects. We show that this latter piece is UV 
and IR finite and proceed to evaluate it, while all UV divergences remain in the former, which 
we evaluate using dimensional regularization. 

The results of previous sections are used in section l5~5l to define an effective charge a c ff(Q) 
which can be continuously extrapolated from Q 2 <C M c to Q 2 3> M c . We use this effective 
charge to study the matching of couplings in the low energy effective theory (QED) to the 
couplings of the theory containing an infinite of KK modes. In the context of dimensional 
regularization we find that this matching contains only the standard logarithmic running 
from mz to the compactification scale M c , with no power corrections. On the other hand, if 
hard cutoffs are used to regularize the VPF in the non-compact space, one does find power 
corrections, which may be interpreted as an additional matching between the effective D = 
4 + 5 dimensional field theory and some more complete theory. We discuss the possibility of 
estimating this matching in the EFT without knowing the details of the full theory. This point 
is studied in a simple extension of our original toy-model, by endowing the theory considered 
(QED in 4+5 compact dimensions) with an additional fermion with mass Mf 3> M c , which 
is eventually integrated out. 

5.2 Crossing thresholds 

The simplest argument (apart from the purely dimensional ones) in favor of power-law run- 
ning in theories with extra dimensions is based on the fact that in MS-like schemes the (3 
function is proportional to the number of active modes. Theories with 5 extra compact di- 
mensions contain, in general, a tower of KK modes. In particular, if we embed QED in extra 
dimensions we find that electrons (also photons) have a tower of KK modes with masses 

M 2 = (n\ + n| H h nj) M 2 with Hi integer values and M c = 1/R C the compactification 

scale. The exact multiplicity of the spectrum depends on the details of the compactification 
procedure (torus, orbifold, etc). As soon as we cross the compactification scale, the KK modes 
begin to contribute, and therefore one expects that the (3 function of this theory will start 
to receive additional contributions from them. In a general renormalization scheme satisfying 
decoupling one can naively write 



where /i is the renormalization scale, f3o is the contribution of a single mode, and f(/j,/M) 
is a general step-function that decouples the modes as /i crosses the different thresholds, 
namely /(/i/M) — > fj, <^ M and f(jx/M) — ► 1 fi » M. For instance in MS schemes 
f{fi/M) = e(n/M - 1) where 6(x) is the step-function. Then one finds (fij = 2tt 6 / 2 /T(<5/2)) 




(5.1) 




n<fj,/M c 



(5.2) 
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This argument, simple and compelling as it may seem, cannot be trusted completely because 
in MS schemes the decoupling is put in by hand. Therefore, other types of schemes, in which 
decoupling seems natural, have been studied in the literature. For instance, in Ref. [43J the 
VPF of the photon at Q 2 = was calculated in the presence of the infinite tower of KK modes 
by using a hard cutoff in proper time, and the result was used to compute the (5 function; 
in that case the modes decouple smoothly. In addition, after adjusting the cutoff by hand 
one can reproduce the aforementioned result obtained in MS. One can easily see that this 

_ M n 

procedure is equivalent to the use of the function /(A/M) = e to decouple the KK modes 

^ < ( A 2 \ 5/2 
P = Ef 3 oe-^^Poh W2 ) ■ (5.3) 

n \ c / 

If one chooses by hand // = T(l + 5/2) A 5 , the sum in Eq. I|5.3|l agrees exactly with the sum 
obtained if one uses a sharp step-function. Even though this particular way of decoupling KK 
modes appears naturally in some string scenarios [ZH1 El EH HTH , it hardly appears compelling 
from the field theory point of view; this procedure is not any better conceptually than the 
sharp step-function decoupling of modes: one obtains a smooth (3 function because one uses 
a smooth function to decouple the KK modes. 

These two ways of decoupling KK modes, due to the very sharp step-like behavior they 
impose, lead to a finite result in l|5.ip for any number of extra dimensions. One is tempted to 
ask, however, what would happen if one were to use a more physical way of passing thresholds. 
In fact, heavy particles decouple naturally and smoothly in the VPF, because they cannot be 
produced physically. Specifically, in QED in 4-dimensions at the one-loop level, the imaginary 
part, 9mII(g 2 ), of the VPF II(q 2 ) is directly related, via the optical theorem, to the tree level 
cross sections a for the physical processes e + e~ — > f + f~, by 

9mn(s) = 4r a(e + e~ -> /+/") . (5.4) 
e z 

Given a particular contribution to the spectral function 9mII(s), the corresponding contri- 
bution to the renormalized vacuum polarization function Hji(q 2 ) can be reconstructed via a 
once-subtracted dispersion relation. For example, for the one-loop contribution of the fermion 
/, choosing the on-shell renormalization scheme, one finds (if q is the physical momentum 
transfer with q 2 < 0, as usual we define Q 2 = —q 2 ): 

poo 1 1 

^r(Q)=Q 2 ds- —-QmU(s) 
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s(s + Q 2 )tt 
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— x 

7T 




Q 2 /m 2 

(5.5) 

Q 2 /m 2 — > oo , 



where a = e 2 /(47r). The above properties can be extended to the QCD effective charge 
|81j . with the appropriate modifications to take into account the non-Abelian nature of the 
theory, and provide a physical way for computing the matching equations between couplings 
in QCD at quark mass thresholds. One computes the VPF of QCD with tif flavors and that 
of QCD with rif — 1 flavors, and requires that the effective charge is the same for Q 2 <C 
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rrif in the two theories. This procedure gives the correct relation between the couplings 
in the two theories jH2 E3 EH!- However, one can easily see that this cannot work for 
more than one extra dimension. To see that, let us consider the decoupling function f(/j,/M) 
provided by the one-loop VPF, which, as explained, captures correctly the physical thresholds. 
The corresponding /(/x/M) may be obtained by differentiating Hr(Q) once with respect to 
Q 2 ; it is known [84J that the answer can be well-approximated by a simpler function of the 
form /(/x/M) = ti 2 /(/x 2 + 5M 2 ). We see immediately that if we insert this last function in 
Eq. I|5.1jl and perform the sum over all KK modes the result is convergent only for one extra 
dimension (with a coefficient which is different from the one obtained with the renormalization 
schemes mentioned earlier), while it becomes highly divergent for several extra dimensions. 
We conclude therefore that the physical way of decoupling thresholds provided by the VPF 
seems to lead to a divergent (3 function in more than one extra dimension. As we will see, this 
is due to the fact that, in order to define properly the one-loop VPF for d > 1, more than one 
subtraction is needed. 



5.3 A toy model 

To be definite we will consider a theory with one fermion and one photon in 4 + <5 dimensions, 
in which the 5 extra dimensions are compactified on a torus of equal radii R c = 1/M C . The 
Lagrangian is given by 

C s = -\F al3 F aP + i^ 7 a D a iP + C ct , (5.6) 

where a = 0, • • • , 3, • • • ,3 + 5. We will also use Greek letters to denote four- dimensional 
indices fj, = 0, • • • 3. D a = d a — ieoA a is the covariant derivative with eo the coupling in 4 + 5 
dimensions which has dimension [eo] = 1/M 5 / 2 . After compactification, the dimensionless 
gauge coupling in four-dimensions, e^, and the dimensionfull 4 + 5 coupling are related by the 
compactification scale 2 

'M r \ 5/2 



Evidently eo is determined from the four-dimensional gauge coupling and the compactification 
scale, but in the uncompactified space we can regard it as a free parameter (as in xPT). 
Finally C c t represents possible gauge invariant operators with dimension 2 + D or higher, 
which are in general needed for renormalizing the theory; they can be computed only if a 
more complete theory, from which our effective theory originates, is given. For instance, by 
computing the VPF we will see that a £ ct of the form 

is needed to make it finite. 

The spectrum after compactification contains a photon (the zero mode of the four- dimensional 
components of the gauge boson), the 5 extra components of the gauge boson remain in the 
spectrum as 5 massless real scalars, a tower of massive vector bosons with masses M 2 = 
(n 2 + n\ + ■ ■ ■ + n 2 ) M 2 , n; G Z, nj / , 2 1 5 / 2 ] massless Dirac fermions (here the symbol 
[x] represents the closest integer to x smaller or equal than x), and a tower of massive Dirac 



2 Note that the factors 2-k depend on the exact way the extra dimensions are compactified (on a circle, 
orbifold, etc). 
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fermions with masses given also by the above mass formula. Note that this theory does not 
lead to normal QED at low energies, first because the 5 extra components of the gauge boson 
remain in the spectrum, and second because in 4 + 5 dimensions the fermions have 4 • 2^/ 2 ^ 
components, which remain as zero modes, leading at low energy to a theory with 2^/ 2 ^ Dirac 
fermions. In the D = 4 + 5 theory these will arise from the trace of the identity of the 7 ma- 
trices, which just counts the number of components of the spinors. To obtain QED as a low 
energy one should project out the correct degrees of freedom by using some more appropriate 
compactification (for instance, orbifold compactifications can remove the extra components 
of the photon from the low energy spectrum, and leave just one Dirac fermion). However 
this is not important for our discussion of the VPF, we just have to remember to drop the 
additional factors 2^1^ to make contact with usual QED with only one fermion. Theories 
of this type, with all particles living in extra dimensions are called theories with "universal 
extra dimensions" ^2] and have the characteristic that all the effects of the KK modes below 
the compactification scale cancel at tree level due to the conservation of the KK number. In 
particular, and contrary to what happens in theories where gauge and scalar fields live in the 
bulk and fermions in the brane ^EllES], no divergences associated to summations over KK 
towers appear at tree level. Finally, the couplings of the electron KK modes to the standard 
zero-mode photon are universal and dictated by gauge invariance. The couplings among the 
KK modes can be found elsewhere JEIIS]; they will not be important for our discussion of the 
VPF that we present here. 



5.4 The vacuum polarization in the presence of KK modes 

In this section we will study in detail the behavior of the one-loop VPF in the theory defined 
above for general values of the number 5 of extra dimensions. The main problems we want to 
address are: i) the general divergence structure of the VPF, ii) demonstrate that it is possible 
to regulate the UV divergences using dimensional regularization, iii) the appearance of non- 
logarithmic (power) corrections, and, iv) their comparison to the analogous terms obtained 
when resorting to a hard-cutoff regularization. 

5.4.1 The imaginary part of the vacuum polarization 

One can try to compute directly the VPF of the zero-mode photon in a theory with infinite 
KK fermionic modes. However, one immediately sees that, in addition to the logarithmic 
divergences that one finds in QED, new divergences are encountered when summing over the 
infinite number of KK modes. One can understand the physical origin of these divergences 
more clearly by resorting to the unitarity relation (here s denotes the center-of-mass energy 
available for the production process): 

4 n 

= y E (i + ^jv^, (5-9) 

n<n th ^ ' 

where n < ra t h represents the sum over all the electron KK modes that fulfill the relation 
4 (n\ + n| H nf\ M 2 < s, and 04 = e|/ (47r). This sum can be evaluated approximately for 
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Figure 5.1: ^smIl^(Q) as compared with the asymptotic value (S — 1,2,3). Q is given in units of M c . 
s 3> M 2 by replacing it by an integral; then we obtain 

Jfmll W~ 2 3+« r((( y + 5)/2) ^ M 2j • i 5 - 1U ) 

It turns out that this last result captures the behavior of the same quantity when the 
extra dimensions are not compact; this is so because, at high energies, the effects of the 
compactification can be neglected. In fact, this result may be deduced on simple dimensional 
grounds: as commented, the gauge coupling in 4 + 5 dimensions has dimension 1/M 5 / 2 ; 
therefore one expects that ^smll^(s) will grow with s as (s/M 2 ) , which is what we obtained 
from the explicit calculation. To see how rapidly one reaches this regime we can plot the 
exact result of Qmll^s) together with the asymptotic value. As we can see in Fig l5.lt the- 
asymptotic limit is reached very fast, especially for higher dimensions. For practical purposes 
one can reliably use the asymptotic value soon after passing the first threshold, Q > 2M C , 
incurring errors which are below 10%. 

Now we can try to obtain the real part by using a dispersion relation as the one used in 
4-dimensional QED, i.e. Eq. ([5,5|) . However, one immediately sees that it will need a number 
of subtractions which depends on the value of 5. Thus, for just one extra dimension, as in 
4-dimensional QED, one subtraction is enough, for 5 = 2 and 5 = 3 two subtractions are 
needed, see Eq. (|5.10|1 . and so on. This just manifests the non-renormalizability of the theory, 
and in the effective field theory language, the need for higher dimension operators acting 
as counterterms. Even though this "absorptive" approach is perfectly acceptable, it would 
be preferable to have a way of computing the real part directly at the Lagrangian level (by 
computing loops, for instance). As commented in the introduction, to accomplish this we will 
use dimensional regularization. 

5.4.2 The vacuum polarization in uncompactified 4 + 5 dimensions 

When using dimensional regularization to compute the VPF in uncompactified space, to be 
denoted Il uc , simple dimensional arguments suggest that one should typically obtain contri- 
butions of the form 

n uc (Q)oce 2 (2^| ' 

since the two vertices in the loop provide a factor e 2 D , whose dimensions must be compensated 
by the only available scale in the problem, namely Q 2 . In the above formula we have used 
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the relation of Eq. Q5.7j) in order to trade off en for e±. The omitted coefficient in front will be 
generally divergent, and will be regularized by letting 5 — > 5 — e. 

Let us compute the VPF LT^c (<?) in uncompactified space, assuming that, if necessary, the 
dimensions will be continued to complex values. We have that 

<M = ^/|^{7"^}, (5.11) 
which, by gauge-invariance assumes the standard form 

(<?) = ((zV^-tfV) n uc (g) • 

If we now were to use that, in D-dimensions, Tr[7 a 7^] = 2^ D l 2 ^g a ^ , we would find that the 
low energy limit has an extra 2^/ 2 ] factor, which, as commented, is an artifact of the torus 
compactification: there are 2^/ 2 ^ too many fermions in the theory. Therefore we simply drop 
this factor by hand. Moreover, we use Eq. Q5.7j) and employ the proper-time parametrization 
in intermediate steps, thus arriving at: 



2 / \ 0/i pi poo j 

n uc (g) = ^\mi) J dxX ^-^J -^exp{-rx(l-x)Q 2 } 
_ el / A (Q 2 W 

" 2tt 2 r(4 + 5) 1 V V \M 2 ) ' (0 - 12) 



A simple check of this result may be obtained by computing its imaginary part. To that 
end we let Q 2 — > -q 2 - ie with q 2 > 0. Then 

c r 2 • i<5/2 / 2N-5/2 • Sit 
xsm^—q —ie\ = — [q J sin—. 

Now we can use that T(— <5/2)T(l + 5/2) = —tt/ sin(<57r/2) to write 



2^ 2 T 2 (2 + |) 6/2 _ aA {5 + 2) ^+1)72 / g 2 s 5/2 

1 ucW)_Q!4 r(4 + 5)r(i + 5/2) \m 2 ) "23+5 r((<5 + 5)/2) \M 2 y ' 

which agrees with our previous result of En. QPfij) . 

For odd values of 5, the one-loop n uc (Q) computed above is finite, since the T(— |) can 
be calculated by analytic continuation. This result is in a way expected, since in odd number 
of dimensions, by Lorentz invariance, there are no appropriate gauge invariant operators able 
to absorb any possible infinities generated in the one-loop VPF; this would require operators 
which give contributions that go like Q s . Notice, however, that at higher orders n uc (Q) 
will eventually become divergent. For instance, in five dimensions at two loops, the VPF 
should go as Q 2 , since there are four elementary vertices. The divergences generated by these 
contributions could be absorbed in an operator such as the one considered in the previous 
section, namely D a F a ^D x F\p. On the other hand, when 5 is even, r(— |) has a pole, and 
subtractions are needed already at one loop. To compute the divergent and finite parts in a 
well-defined way we will use dimensional regularization, i.e. we will assume that 5 — > 5 — e . 
Notice however that, unlike in 4-dimensions, we do not need to introduce an additional scale 
at this point, i.e. the equivalent of the 't Hooft mass scale ijl: M c plays the role of //, and can 
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be used to keep dimensionless. After expanding in e we find a simple pole accompanied by 
the usual logarithm 



5/2 



Ml) 



2 



n uc (Q) oc ( ) \ -- + HQ 2 /M 2 C ) + ■■■). (5.13) 



€ 



Here the ellipses represent a finite constant. Now, to renormalize this result we must introduce 
higher dimension operators (for instance, if 5 = 2 the operator D a F a @ D x F\p will do the job) 
which could absorb the divergent piece. The downside of this, however, is that we also have 
to introduce an arbitrary counterterm, k, corresponding to the contribution of the higher 
dimension operator; thus we obtain a finite quantity proportional to log(Q 2 / M 2 ) + k. Note 
that, since k is arbitrary, we can always introduce back a renormalization scale and write 
log(Q 2 /M 2 ) + k = log(Q 2 //i 2 ) + «(//) with k(/j,) = k + log(/x 2 /M 2 ). It is also important to 
remark that, in the case of odd number of dimensions, although at one loop we do not need 
any counterterm to make the VPF finite, higher dimensional operators could still be present 
and affect its value. 

In the case of uncompactified space, it is interesting to compare the above result with that 
obtained by regularizing the integral using a hard cutoff. To study this it is enough to carry 
out the integral of Eq. I|5.12jl . with a cutoff in tq = 1/A 2 : 

2 / \S/2 p% roc j 

n uc (Q) = ^^J J^dxx{l-x)J - TT ^exp{-rx(l-x)Q 2 }. (5.14) 
Then, for 5 = 1, 2, 3 we obtain 



iA uc w) 27t2 y 64Mc f 15McA t- 3Mc j 



(5.15) 



" cWJ "2f^768M3 15M| + 9M| J ' 1 ' 

As we can see, the pieces which are independent of the cutoff are exactly the same ones we 
obtained using dimensional regularization. But, in addition, we obtain a series of contributions 
which depend explicitly on the cutoff. For instance we find corrections to the gauge coupling 
which behave as A 6 , and just redefine the gauge coupling we started with [HE]- In the case 
of five dimensions we also generate a term linear in Q 2 ; however it is suppressed by 1/A, 
and therefore it approaches zero for large A. In the case of six dimensions we obtain the 
same logarithmic behavior we found with dimensional regularization, and the result can be 
cast in identical form, if the cutoff is absorbed in the appropriate counterterm. For seven 
dimensions we also find divergent contributions which go as Q 2 . This means that, when 
using cutoffs, higher dimension operators in the derivative expansion (e.g. operators giving 
contributions as Q 2 or higher) are necessary to renormalize the theory and must be included. 
In the case of dimensional regularization this type of operators is not strictly needed at one 
loop; however, nothing forbids them in the Lagrangian, and they could appear as "finite 
counterterms". If one were to identify the A in the above expressions with a physical cutoff, 
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one might get the impression that, contrary to the dimensional regularization approach where 
arbitrary counterterms are needed, one could now obtain all types of contributions with only 
one additional parameter, namely A. This is however not true: the regulator function is 
arbitrary, we simply have chosen one among an infinity of possibilities. By changing the 
regulator function we can change the coefficients of the different contributions at will, except 
for those few contributions which are independent of A. These latter are precisely the ones we 
have obtained by using dimensional regularization. Thus, even when using cutoffs one has to 
add counterterms from higher dimension operators, absorb the cutoff, and express the result in 
terms of a series of unknown coefficients. The lesson is that with dimensional regularization we 
obtain all calculable pieces, while the non-calculable pieces are related to higher dimensional 
terms in the Lagrangian. 

What we will demonstrate next is that the one-loop VPF in the compactified theory on a 
torus can be renormalized exactly as the VPF in the uncompactified theory; this will allow us 
to compute it for any number of dimensions, and examine its behavior for large and for small 
values of the Q 2 . 

5.4.3 The vacuum polarization in 5 compact dimensions 

From the four-dimensional point of view the vacuum polarization tensor in the compactified 
theory is 

with = (n\ + n| + ■ • • + rig) M 2 ; for simplicity we have assumed a common compactifica- 
tion radius R = l/M c for all the extra dimensions. The sum over n denotes collectively the 
sum over all the modes nj = — oo, • • • , +oo. The contribution of each mode to this quantity 
seems quadratically divergent, like in ordinary QED; however, we know that gauge invari- 
ance converts it to only logarithmically divergent. But, in addition, the sum over all the 
modes makes the above expressions highly divergent. Instead of attempting to compute it 
directly, we will add and subtract the contribution of the vacuum polarization function of the 
uncompactified theory in 4 + 5 dimensions: 

nn<7) = tn^(?) - + Kc(q) = n») + n ^(<?) • (s.is) 

Here we have taken already into account the relation between the coupling in 4 + 5 dimensions 
and the four- dimensional coupling and have restricted the external Lorentz indices to the 
4-dimensional ones. Depending on the value of 5 the vacuum polarization can be highly 
divergent (naively as A s+2 , and after taking into account gauge invariance as A 5 ). However, 
we can use dimensional regularization (or any other regularization scheme) to make it finite. 
The important point is that the quantity n^(Q) is UV and IR finite and can unambiguously 
computed. 

Instead of doing the two calculations from scratch, we will do the following: 

i) We will first compute the compactified expression by using Schwinger's proper time, r, 
to regularize the UV divergences. 

ii) We will show that the UV behavior of the compactified theory, r — > 0, is just the 
behavior of the uncompactified theory. 

iii) Therefore, to compute n^(Q) it is sufficient to compute n^Q) and then subtract its 
most divergent contribution when r — > 0. We will see that it is sufficient to make it finite. 
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After a few manipulations IP"((2) can be written as 

W{q) = ((?!r-(f<?) n(g), 

where 0Hj 

n(Q) = dxx(l - x) / — exp {-r (x(l - x)Q 2 + m 2 ) } . 

n ^° JO T 

II((5) can be written in terms of the function 

+00 1 — 



as 

n(Q) = ^ jT 1 to(l - s) *L exp j-rx(l - x)||} %(t) , 

where we have rescaled r in order to remove M c from the #3(7") function. This last expression 
for II(Q) is highly divergent in the UV (r — ► 0), because in that limit the 9s(r) function goes 
as \J tt/t. Then, if we define, as in Eq. (|5.18|l . IIfj n = II — II UC , we have 

n fin (Q) = ^f Q dxx(l exp j-rx(l - x)^|} (r) - , 

which is completely finite for any number of dimensions. In fact, the last term provides a 
factor 

w = * W -(i)'^ M G)«^{_£}, 

that makes the integral convergent in the UV, while for large r this function goes to 1 quite 
fast. In this region the integral is cut off by the exponential of momenta; so we can think of 
the exponential exp j— rx(l — aOjjs-j as providing a cutoff for r > 4M 2 /Q 2 , and Fg(r) as 
providing a cutoff for r < tt 2 . With this in mind, we can estimate IIfl n (Q) as 



(5.19) 

it is just the ordinary running of the zero mode. As Q 2 grows, the upper limit of integration 
is smaller than the lower limit, and then we expect that Ufi n (Q) should vanish. In that region 
H(Q) will be dominated completely by II UC (Q). 

Let us evaluate IIfi n (Q) for any number of extra dimensions. To this end we will approxi- 
mate the function F§(t) as follows 

, N f 25(^) 5/2 exp|-^) T<TT 
F s (r) = \ W ' y \ r f . (5.20) 

{ l + 2£exp{-r} - (i) d/2 t > tt 

The matching point in r = tt makes the function continuous. In Fig. 15.21 we display the exact 
function Fs(t) (solid) and the approximation above (dashed) for 5 = 1,2,3. The approxima- 
tion is very good except at a small region around the matching point r = tt. This can be 
further improved by adding more terms from the expansions of the 0(r) functions. 
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Figure 5.2: Exact values of Fs(t) (solid) as compared with the approximation discussed in the text 
(dashed) for <5 = 1,2,3. 



The approximate expression of Eq. l|5.20|) can be used to obtain semi-analytical expansions 
for n| n (Q) for small Q 2 (we define w = Q 2 /M 2 ) 

2 

U &1(Q) = 7^2 (-°- 335 - 0.167 log(u>) +0A63^w-0.ll0w + ---) , (5.21) 
II® (Q) = (-0.159 -0.167 log(w) - 0.105-u; (log(to) - 1.75) + •••) , (5.22) 

2 

n^(Q) = ^ (-0.0937- 0.1671og(io) +0.298io- 0.202V^3 + ---) . (5.23) 

To see how good these approximate results are, we can compare with the exact results 
that can be obtained when 6 = 1. In this case we have 

ej f 1 , f°° dr r , N , /vr\i/2 f n 2 vr 2 l 
n fin(Q) = 2^J o dxx(l-x)J2j o — exp{-rx(l-xM2(-J exp | — j 

= — 4j / cfccx(l — x) — exp <y—2im\J x(l — x)w j 

71 ^° n=l 71 

2 rl 

= Y$ dxx ( l ~ x ) (- 21 °g (l - ex P (-2vr V / x(l - x)n?jYj . (5.24) 

This last expression can be expanded for w <C 1, and the integral over x can then be performed 
analytically, yielding 

O) - ^ (^(5-61og(2vr))-ilog^ + |^^-^^ + ---) , (5.25) 



which is in excellent agreement with our approximation (see Eq. (|5.21 
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Eq. I|5.24|l can also be used to obtain the behavior of n^(Q) for w 3> 1. In this limit we 
obtain 



For higher dimensions things are more complicated, but the behavior is the same, and we find 



el 4<5r(2 + 5/2) „ M t 



where Kg is of the order of unity and is determined numerically {K\ = £(5) = 1.037, Ki = 

£ ley 

1.165, K3 = 1.244). However, since the uncompactified contribution grows as (Q 2 /M^) 

it is obvious that the contributions to H^(Q) from nj^(Q) will be completely irrelevant for 
Q 2 > M 2 . 

Adding the finite and the uncompactified contributions we find that for Q 2 <C M 2 the 
uncompactified contribution exactly cancels the corresponding piece obtained from the ex- 



pansion of n^(Q) (the 



y/w piece for 5 = 1. 



5 = 3). Then, for Q 2 <C M 2 and choosing fi 

n«(Q) 



the u> log(iy) piece for (5 
M c we finally find: 



2, or the 



for 



2vr^ 



.(*) 



1, ( Q 2 



+ M 2 + 



Q 2 < M ( 



(5.26) 



with the coefficients for 1,2 and 3 extra dimensions given by 



5 


1 


2 


3 


■4" 


-0.335 


-0.159 


-0.0937 




-0.110 


0.183 


0.298 



As we will see below, in general the coefficients can be affected by non-calculable 
contributions from higher dimension operators in the effective Lagrangian, which we have not 
included. 

The following comments related to Eq. 1|B.26|) . which is only valid in the dimensional 
regularization scheme we are using, are now in order: 

(i) From Eq. (|5.26|l we see that for small Q 2 , as expected, we recover the standard logarithm 
with the correct coefficient, independently of the number of extra dimensions. In addition, 
interestingly enough, we can compute also the constant term. Thus, although the full theory 
in 4 + 5 dimensions is non-renormalizable and highly divergent, the low energy limit of the 
VPF calculated in our dimensional regularization scheme is actually finite: when seen from 
low energies the compactified extra dimensions seem to act as an ultraviolet regulator for the 
theory. 

(ii) When the energy begins to grow, we start seeing effects suppressed by Q 2 /M 2 , which 
are finite, at one loop, for any number of dimensions except for 5 = 2. This is so because the 
gauge couplings have dimensions l/M 5 / 2 , and therefore, the one- loop VPF goes like 1/M 5 . 

(iii) For 5 = 1 one finds that, because of gauge and Lorentz invariance, there are no 
possible counterterms of this dimension. The VPF must be finite, and that is precisely the 
result one obtains with dimensional regularization. This of course changes if higher loops are 
considered: for instance, two-loop diagrams go like 1/M 2 , and, in general, we expect that they 
will have divergences, which, in turn, should be absorbed in the appropriate counterterms. 
In principle the presence of these counterterms could pollute our result; however, the natural 
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size of these counterterms, arising at two loops, should be suppressed compared to the finite 
contributions we have computed. 

(iv) For 5 = 2 one finds that the VPF goes as 1/M 2 , already at one loop, and that 
the result is divergent. The divergences have to be absorbed in the appropriate counterterm 
coming from higher dimension operators in the higher dimensional theory. The immediate 
effect of this, is that the coefficient of the Q 2 term in H^ 2 \Q) becomes arbitrary, its value 
depending on the underlying physics beyond the compactification scale. 

(v) For 5 > 2 all loop contributions to the Q 2 term are finite, simply because of the 
dimensionality of the couplings. This, however, does not preclude the existence of finite 
counterterms, which could be generated by physics beyond the compactification scale, that 
is, contributions from operators suppressed by two powers of the new physics scale like the 
operator in Eq. ([5.8)1 , 

For Q 2 3> M 2 the full VPF is completely dominated by the uncompactified contribution: 



n«(Q) 




2vr 2 64 

•>2 / r>2 



2n 2 30M 2 \M 2 
27r 2 768 \M 2 J ' 



n (2) (Q) = A.^o g (%,) q 2 » Mi 



I 2 



As before, the VPF could also receive non-calculable contributions from higher dimension 
operators which we have not included; in fact, for 5 = 2, these are needed to renormalize the 
VPF. How large can these non-calculable contributions be? Since our D-dimensional theory is 
an effective theory valid only for Q 2 <C M 2 , even above M c the results will be dominated by 
the lowest power of Q 2 . In the case of 5 = 1, the first operator that one can write down goes as 
Q 2 ; therefore we expect that the one-loop contribution, of order \[Q 2 ~ , that we have computed, 
will dominate completely the result, as long as we do not stretch it beyond the applicability of 
the effective Lagrangian approach. For 5 = 2, counterterms are certainly needed at order Q 2 ; 
still one can hope that the result will be dominated by the logarithm (as happens with chiral 
logarithms in \PT). For 5 = 3 (and higher), the one loop result grows as (Q 2 ) ; however 
there could be operators giving contributions of order Q 2 with unknown coefficients (in fact 
although in dimensional regularization those are not needed, they must be included if cutoffs 
are used to regularize the theory). Therefore, unless for some reason they are absent from the 
theory, the result will be dominated by those operators. 



5.5 Matching of gauge couplings 

Using the VPF constructed in the previous section we can define a higher dimensional analogue 
of the conventional QED effective charge (EHIEEj, which will enter in any process involving 
off-shell photons, e.g. 

_J_ = L (i + H W (Q)) _ , (5.27) 
a eS (Q) a 4 V ' ) ms s 

where «4 = e 2 /(4ir). We remind the reader that denotes the (dimensionless) coupling of the 
four-dimensional theory including all KK modes; it is directly related to the gauge coupling 



Section 5.5. Matching of gauge couplings 



61 



in the theory with 5 extra dimensions by Eq. lj5.7p . The subscript MS,5 means that the VPF 
has been regularized using dimensional regularization in D = 4 + 5 — e dimensions, and that 
divergences, when present, are subtracted according to the MS procedure. 

To determine the relation between 04 and the low energy coupling in QED, we have to 
identify the effective charge computed in the compactified theory with the low energy effective 
charge, at some low energy scale (for instance Q 2 = m? z <C M 2 ), where both theories are 
valid. In that limit we can trust our approximate results of Eq. Ij5.26p . and write 

1 1 2 (5 ) 2 (m z \ 
- - + -^g[ — ) . (5.28) 



OieS^z) «4 7T 3n \M c 



This equation connects the low energy QED coupling with the coupling in the compactified 
D-dimensional theory, regularized by dimensional regularization. Note that this equation is 
completely independent of the way subtractions are performed to remove the poles in 1/e. 
These poles only appear (and only for even number of dimensions) in the contributions pro- 
portional to Q s , which vanish for Q — > 0. Eq. (|5,28p contains, apart from a finite constant, the 
standard logarithmic running from m z to the compactification scale M c . It is interesting to 
notice that, in this approach, the logarithm comes from the finite piece, and should therefore 
be considered as an infrared (IR) logarithm. When seen from scales smaller than M c , these 
logarithms appear to have an UV origin, while, when seen from scales above M c , appear as 
having an IR nature. 

It is important to emphasize that, in this scheme, the gauge coupling does not run any 
more above the compactification scale. This seems counter-intuitive, but it is precisely what 
happens in xPT when using dimensional regularization: f n does not run, it just renormalizes 
higher dimensional operators [62J. 

Now we can use Eq. (|5.28p to write the effective charge at all energies in terms of the 
coupling measured at low energies: 



1 



+ — (li^(Q)-Yi^{m z ) 



_ . (5.29) 

MS 5 



Note that the last term is independent of 04 due to the implicit dependence of II^ on it. 
Eq. Ij5.29|) has the form of a momentum-subtracted definition of the coupling; in fact, in 
four dimensions it is just the definition of the momentum-subtracted running coupling. For 
5 = 1 and at one loop, U^iQ) - nW(m z ) is finite, and a e ff(Q) can still be interpreted as 
a momentum-subtracted definition of the coupling. For 5 > 1, however, Eq. Ij5.29p involves 
additional subtractions, a fact which thwarts such an interpretation. 
For Q 2 <C M 2 we can expand n^) (Q) and obtain 

1 **m + o(* 



a e s(Q) a cS (m z ) 37r \m z J \M 2 

which is nothing but the standard expression of the effective charge in QED, slightly modified 
by small corrections of order Q 2 /M 2 . However, as soon as Q 2 /M 2 approaches unity, the effects 
of the compactification scale start to appear in a e ff(Q), forcing it to deviate dramatically from 
the logarithmic behavior, as shown in Fig. 15.31 

The crucial point, however, is that this effective charge cannot be interpreted anymore as 
the running coupling (as can be done in four dimensions) since it may receive contributions 
from higher dimension operators; in fact some of them are needed to define this quantity 
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Figure 5.3: The "effective charge" against the energy scale for S = 1 (solid), 8 = 2 (short dash), 5 = 3 
(long dash). Contributions from counterterms have not been considered. 



properly. These contributions have nothing to do with the gauge coupling which is defined 
as the coefficient of the operator F 2 . In particular, one should not use this quantity to study 
gauge coupling unification. Instead, one could use Eq. (|5,28p . which relates the coupling 
measured at low energies with the one appearing in the D- dimensional Lagrangian valid at 
energies M c < Q < M s . This relation involves a logarithmic correction, which is the only 
contribution that can be reliably computed without knowing the physics beyond M s . 

It is instructive to see what happens if instead of dimensional regularization we use hard 
cutoffs to regularize the uncompactified part of the VPF as in Eqs. (|5.14fl — (|5.17|l . Then, when 
using cutoffs, one can define an "effective charge" as in Eq. Ij5.27|) 



where 04(A) now is the coupling constant in the theory regularized with cutoffs and the 
subscript A indicates that the VPF has been regularized with cutoffs. The use of a A dependent 
coupling obviously implies the WEFT formulation, in which the cutoff is not removed from 
the theory. On the other hand, in the CEFT formulation one should renormalize the coupling 
constant by adding the appropriate counterterms and then take the limit A — > 00. This 
usually brings in a new scale at which the coupling is defined, and which effectively replaces 
A in the previous equation. Notice also that for 5 = 2 in Eq. (|5.16fl there are logarithmic 
contributions proportional to Q 2 , which cannot be removed when A — » 00. The same is true 
for 5 > 2, but with dependencies which are proportional to A^ -2 ). This just manifests the 
need of higher dimensional operators, as was already clear in the dispersive approach, to define 
properly the effective charge. As one can see, the full VPF contains a term that goes as A s 
and is independent of Q. This piece survives when Q — ► 0, and thus we obtain (we assume 




(5.30) 



mf <C Q 2 ) 



ct e ff(mz) 04(A) 37r<5 



1 1 2 




2 . fm z 

— log 

3vr \M c 



) 



(5.31) 



Since a e ff(mz) should be the same in the two schemes, we find the following relation between 
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«4 and 04(A) 

1 1 2 / _ A . 

+ V?T7 • (5.32) 



04 04(A) 37r5 y M c 

If one identifies A with the onset of a more complete theory beyond the compactification scale, 
but at which the EFT treatment is still valid, i.e. if one assumes that A ~ Mq <C M s , Mq 
being this new scale, Eq. 1)5.32(1 could be reinterpreted as a matching equation between the 
coupling 04 of our effective theory and the coupling of the theory at scales Mq, (X4 {Mq). 
Eq. 1)5.32(1 generically tells us that one expects corrections which go as (M G /M c ) d . However, 
without knowledge of the full theory beyond Mq, the meaning of Mq (or even a^(Mo)) is 
unclear. In particular, if the new theory is some Grand Unified Theory in extra dimensions, 
Mq will be, in general, not just one single mass, but several masses of the same order of mag- 
nitude, related by different coefficients. In the case of logarithmic running those coefficients 
can be neglected, because they give small logarithms next to the large logarithms containing 
the common scale. However, in the case of contributions which depend on powers of the new 
physics scale the situation is completely different, and the presence of several masses could 
change completely the picture of unification. Cutoffs can give an indication of the presence 
of power corrections, but the coefficients of these corrections cannot be computed without 
knowing the details of the full theory. 

To see this point more clearly, we add to our 4 + 5 dimensional theory an additional 
fermion with mass Mf satisfying M s 3> Mf 3> M c , such that compactification corrections 
may be neglected, and compute its effects on the coupling constant for M 2 C Q 2 C M|, 
using dimensional regularization. We have 



nf (Q) = ^ n-S/2) J X dxx(l - x) (Mj + x(l - x)Q 2 f 2 . (5.33) 

By expanding for Q 2 <C Mf and integrating over x we obtain 



For odd values of 6 we can use the analytic continuation of the T function to obtain a finite 
result. For even values of 5 we will allow a slight departure of the integer value in order to 
dimensionally regularize the integral. Clearly, integrating out the heavy fermion gives power 
corrections to the gauge coupling. In addition, it also generates contributions to the higher 
dimension operators, e.g. contributions proportional Q 2 and higher powers. As can be seen by 
comparing with Eqs. 1)5 .14(1 - 1)5 .17(1 these power corrections are qualitatively similar to those 
calculated using a hard cutoff. Evidently, in the context of a more complete theory (in this 
case, given the existence of a heavy fermion), power corrections may be encountered even if 
the dimensional regularization is employed. However, as one can easily see by setting, for 
example, S = 1 in Eq . 1)5.34(1 . the coefficients of the power corrections obtained knowing the 
full theory are in general different from those obtained using a hard cutoff, e.g. Eq. 1)5.15)1 . In 
fact, no choice of A in Eq. l)5.15p can reproduce all the coefficients appearing in Eq. 1)5 .34(1 . 

The situation is somewhat similar to what happens when xPT with SU (2) tg) SU (2) is 
matched to xPT with SU(3) <g> SU(3). In the SU(2) (g) SU(2) theory, just by dimensional 
arguments, one can expect corrections like m 2 K /f 2 . But, can one compute them reliably 
without even knowing that there are kaons? 
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5.6 Conclusions 

We have attempted a critical discussion of the arguments in favor of power-law running of 
coupling constants in models with extra dimensions. We have shown that the naive arguments 
lead to an arbitrary (5 function depending on the particular way chosen to cross KK thresholds. 
In particular, if one chooses the physical way of passing thresholds provided by the vacuum 
polarization function of the photon, a (3 function that counts the number of modes is divergent 
for more than 5 dimensions. 

We have studied the question of decoupling of KK modes in QED with 4+ 5 (compact) 
dimensions by analyzing the behavior of the VPF of the photon. We have computed first the 
imaginary part of the VPF by using unitarity arguments, and found that it rapidly reaches 
the value obtained in a non-compact theory (only a few modes are necessary). We also showed 
that it grows as (s/M^) s ^ 2 , exhibiting clearly the non-renormalizability of theories in extra 
dimensions. To obtain the full VPF, one can use an appropriately subtracted dispersion rela- 
tion. Instead, we use the full quantum effective field theory, with the expectation, suggested 
by the calculation of the imaginary part of the VPF, that the bad UV behavior of the the- 
ory is captured by the behavior of the uncompactified theory. To check this idea, we have 
computed the VPF in the uncompactified theory, regularized by dimensional regularization 
(5 — > 5 — e). We have found that, after analytical continuation, the one loop VPF is finite, 
and proportional to Q s for odd number of dimensions, and has a simple pole, proportional to 
Q S , for even number of dimensions. This result can be understood easily, because there are no 
possible Lorentz and gauge invariant operators in the Lagrangian able to absorb a term like 
Q s for odd 5. For 5 even it shows that higher dimension operators are needed to regularize 
the theory. As a check we also recovered the imaginary part of the VPF in the limit of infinite 
compactification radius. 

For comparison with other approaches, we have also obtained the VPF in the case that 
a hard cutoff is used to regularize it. We found that the pieces that do not depend on the 
cutoff are exactly the same as those obtained by dimensional regularization, while the cutoff 
dependent pieces are arbitrary, and can be changed at will by changing the cutoff procedure. 

Next we have computed the VPF in the compactified theory, and showed that it can be 
separated into a UV and IR finite contribution and the VPF calculated in the uncompactified 
theory; as was shown previously, the latter can be controlled using dimensional regularization. 
The finite part is more complicated, but can be computed numerically for any number of 
dimensions. Also, some analytical approximations have been obtained for the low and the 
high energy limits (Q <C M c and Q 3> M c respectively). Adding these two pieces, together 
with the counterterms coming from higher dimension operators, we obtain a finite expression 
for an effective charge which can be extrapolated continuously from Q <C M c to Q > M c ; 
however, its value does depend on higher dimension operator couplings. 

Decoupling of all KK modes in this effective charge is smooth and physically meaningful, 
and the low energy logarithmic running is recovered. We use this effective charge to connect 
the low energy couplings (i.e. a e s(mz)) with the coupling of the theory including all KK 
modes, regularized by dimensional regularization. We find that this matching only involves 
the standard logarithmic running from mz to the compactification scale M c . In particular, 
no power corrections appear in this matching. However, if cutoffs are used to regularize 
the VPF in the non-compact space, one does find power corrections, exactly as expected 
from naive dimensional analysis. In the EFT language one could interpret these corrections 
as an additional matching between the effective D dimensional field theory and some more 
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complete theory. The question is how reliably can this matching be estimated without knowing 
the complete theory. By adding to our theory an additional fermion with Mf 3> M c , and 
integrating it out, we argue that power corrections cannot be computed without knowing 
the details of the complete theory, in which the D dimensional theory is embedded. Some 
examples in which this matching can, in principle, be computed are some 5D GUT's and string 
models (HI E3 EH ESI EEE EH , and the recently proposed de-constructed extra dimensions 
(313 021 EH EH1 For the question of unification of couplings this result seems rather 

negative, at least when compared with standard Grand Unified Theories, where gauge coupling 
unification can be tested without knowing their details. Alternatively, one can approach 
this result from a more optimistic point of view, and regard the requirement of low-energy 
unification of couplings as a stringent constraint on the possible extra-dimensional extensions 
of the SM. 
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A model with a non-universal extra 
dimension 

Before the universal extra dimensions were studied many other scenarios had been proposed. 
These models were justified in some string scenarios |H3 EH 0211101 ESI ES3 EH Hj- Initially, they 
were proposed to solve the hierarchy problem by introducing a new scale near the electroweak 
scale, but their consequences extended to many other fields: the value of the cosmological 
constant [HE1 023 - supersymmetry breaking fermion masses ll()2| . etc... These 

models are radically different with respect to the universal ones because they do not conserve 
the fifth component of the momentum, hence the KK number is no longer conserved. As a 
consequence, the bound on this new physics is set above the TeV. In what follows we will 
study a model in which only the Higgs and gauge bosons propagate through one continuous 
extra dimension; the latticized version is also considered. We show briefly the main features 
as well as how to study the phenomenology by using the formalism developed in the preceding 
chapters. 

6.1 One continuous extra dimension 
6.1.1 The model 

This case can be straightforwardly studied by retracing the steps done in Chapter 01 The 

Lagrangian has the same pieces, Eq. IjS.lj) . and the Eqs. (|3 . 21 - l3~T|) remain the same. The 

topology of the extra dimension is an orbifold, S 1 /Z2, but now only the Higgs and gauge fields 

propagate through the bulk, this is the main feature of this model, that is why we will refer 

to it as HG. The expansions in Eq. (|H . B|) and Eq. (|.3.9j) are still valid while Q and U do not 

present now any mode. 

Upon compactification, we find that the spectrum for the fermions is exactly the same as in 

SM. On the other hand, there are again two towers of scalars, $ G and & p , one unphysical 

that is eaten to give mass to the tower of gauge bosons and the other physical with mass 

(11) 

m n . In particular the conclusion about the dominant contributions coming from & p running 
inside the loop is again valid. 

The absence of extra modes for the fermions has as a first consequence that the coupling 
between the fundamental modes of the gauge bosons and the fermionic part of the theory, C p , 
Eq. (|3.34p is exactly the same as in SM. Important differences appear, though, in the Yukawa 
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piece of the Lagrangian 

pttR 

C Y = / dx 5 (-QY u H c U - QY d HD + h.c.)5(x 5 ), (6.1) 
J o 

where the delta stands to force the interactions only in the brane defined by the condition 
x 5 = 0, this brane is taken to be a rigid one, therefore it breaks translation invariance in 
the fifth dimension. Due to this, the fifth component of the momentum is not conserved and 
the KK-number conservation (as well as all its implications) no longer applies. Plugging the 
expansion of the Higgs doublet, Eq. (|«18|) . in Eq. l)6.ip . one obtains the expression of the 
Yukawa couplings in this scenario 

C Y = -m t V tj tP L d j $ +{n) + h.c, (6.2) 
v 

where we have already particularized for the mt proportional couplings, t and dj are the usual 
spinor fields of the top and down-like quarks. Note the presence of the extra y/2 factor with 
respect to the UED and SM case Eq. 1)3.35)1 . it is present because in the expansion for H the 
zero-th mode and the rest have a V2 factor of difference. In UED it was absorbed by the 
tower of modes of U in Eq. 1)3.35)1 that here are substituted by the delta function. 

All the part that has to do with SSB and the zero gauge modes, ranging from Eq. 1)3.13)1 
to Eq. ()H. 18(1 . goes exactly the same way. The couplings with the Z boson can be found by 
using the same procedure as in the UED case and the outcome shows that the current that 
couples to Z is the same as in UED, i.e. Eq. 1)3.36)1 . with the sole difference of the lacking of 
the piece 

oo 

C z = J2^-ZM[J^ + jg n \ (6.3) 

n=l 

J§ is the same as in UED, given by Eq. 1)3.41)1 . it does not get any extra factor due the 
presence of two Higgs fields in the current. 

6.1.2 Bounds 

To know which is the minimum possible value of the scale of this model we will use experimental 
determinations of some observables, some of them are the same as in the universal scenarios 
but as we will show the tightest restrictions come from the modification of the value of Gf, 
that is modified already at tree level. Modifications at the tree-level are now possible because 
of the non-conservation of the KK number. As usual we will define a = m^R and denote the 
lightest KK mode by M = R' 1 . 

6.1.2.1 The p parameter 

The corrections to the p parameter proportional to the m t mass are the same as in SM, 
essentially because the Higgs field propagates in the fifth dimension while the fermions do not. 
Since the top quark has no KK tower associated, the only possible source of terms proportional 
to mt are the Yukawa couplings, but these do not contribute at one-loop to the self-energies 
of the Z and W masses. 



Section 6.1. One continuous extra dimension 



69 



6.1.2.2 Radiative corrections to the Z — > bb decay 

The contributions to this process will be parametrized using the F(a) function defined in 
Eq. (|3,53|1 . The diagrams that contribute can be obtained from the diagrams in Fig. 13.31 
replacing the fermionic modes inside the loops by the lines of the SM fermions 

Qt ] - t L - t R . (6.4) 

The result turns out to be ^1] 

f°° x 2 (2 1 4 \ 

F(a) = -l + 2aJ dx coth(ax) « I- log(7r/a) - - - ^C(2)J a 2 (6-5) 

In the expansion can be found a logarithm that relates the two scales: m t , the only mass we 
maintain in the SM and M , the mass of the first KK mode. It is because the KK-number 
is not conserved, what permits in this kind of model the appearance of effective operators at 
the tree level that modify the decay at the one-loop level in the effective theory 1 . Using the 
bound F(a) < 0.39 at 95% CL derived in Sec. I3.2.f| one can find the next bound to M 

M = R H l G > 1 TeV 95% CL. (6.6) 



6.1.2.3 Radiative corrections to b 



57 



The contributions in this scenario came from diagrams that can be obtained from the ones 
in Fig. 13.41 bv performing the change of Eq. (|6,4|) . In addition, each vertex between the 
fermions and the Higgs modes (the ones dotted in the figure) get an extra \[2 factor, and as 
a consequence all diagrams get an overall factor of 2. The contribution per mode to the value 
of the CV coefficient defined in Eq. (|3.57f) when also the new spectrum is taken into account 
is 



B 



m 2 \ 1 / m 2 



6 



mt 



and the value of CV in this model is therefore 



(6.7) 



C 7 HG 



(M, 



w , 



(M w ) + C r 7 l {M w ) ps -0.195 + 0.265a 2 

n=l 



-a 2 ln(a) 
9 V ; 



(6i 



It is easy to check that vanishes for each mode when its mass is taken to infinity, as it should 
be because of the decoupling theorem. Notice again the presence of the logarithm relating the 
two scales. But what we need, is C^ IG (mf ) ), that can be obtained by using Eq. (|3.60|) provided 
we know Cf G {M w ). This receives contributions at tree level from the virtual exchange of W 
modes that could in principle modify appreciably its value, see Fig. 16.11 Although the full 
tower must be considered, the modification to the SM result happens to be finite and small 



(Mi 



w i 



M^R 2 n 2 



(6.9) 



which represents a modification at the level of 2 %, much lower than the error we are com- 



mitting ignoring the contribution of the wfi and W^' 1 ' fields inside the loops. The process 
1 Por a more detailed explanation see Ref. |14j . 



(») 
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Figure 6.1: The virtual exchange of the KK modes W ± ^ modifies the value of C2 with respect to the 
SM value. 

b — ► civ will also affected at the tree level by an amount of the same order, therefore we will 
again ignore it. In addition, C$ G (M\y) will be of the same order and its contribution will be 
neglected. When experimental bound on the value of CV(m&) is used, Eq. lpT6R|) . one can find 
the next bound for M, Ref. QH3] 

R£ G > 1.2 TeV 95% CL. (6.10) 
6.1.2.4 Radiative corrections to the B° — B° system 

This case is fully studied in Ref. |103j were all the details are given. The diagrams can be 
obtained from the ones in Fig. 13 .61 with the same modifications as in the previous sections 
and also the correspondent factors have to be considered. The contributions to S(xt) can be 
parametrized in G(a), defined in Eq. (|3.86|) 

r°° x 3 4 

G HG (a) = 2a 2 / dx- ^ coth 2 (ax) « 1 - 1.143a 2 - -a 2 log(a) + 2a 2 ln(n a ), (6.11) 

Jo [l + x z y 3 

where a = mtirR and n s = A s /M. A s comes from the cut-off that has been performed in 
the sum of the modes, see Ref. [2]. A s is the scale where the scale where the more complete 
theory starts to be important. 

Again the effective field theory point of view helps us to understand the results: the reason 
for the presence of In (a) is the same as in the previous observables. There is now a new ln(n s ) 
term, that cames from cutting the summation on the KK modes, which at the end is just 
cutting the integration of the fifth component of the momentum from the point of view of the 
five dimensional theory. The presence of this logarithm implies that a full calculation in the 
theory in which HG is supposedly embedded contains these logarithmic pieces. But now, we 
cannot directly check this because the details of the corresponding full theory are unknown. 

Finally, using the last experimental determinations of Ref. (23 EE! the bounds can be 
extracted. The one coming from this observable is 

R hg > [560,900] GeV 95% CL, (6.12) 

the variations are present because we have to choose a value for n s . We have taken n s = 10 
and n s = 100 respectively. 
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6.1.2.5 F(Z — > It) restrictions. Gf modifications. 



In UED and LUED this observable receives contributions at the one loop level and therefore 
it will be dominated by the SM tree level contributions, that is why it was not studied in 
those cases. On the contrary in HG (and later on in LHG) it receives contributions already a 
the tree level and could be substantially modified, see Ref. [1041 1105] . In the presence of KK 
modes, the relation between the coupling constant g, M\y and the Fermi constant as extracted 
from the muon lifetime, Gf, is modified at tree level due to the virtual exchange of the KK 
tower of W^ n \ Fig.O 



Gf 
V2 



oo 



8m2 



8M^ 



1 + 



(M w ttR) 



21 



(6.13) 



while for SM the relation can be obtained by setting R = in the previous formula. The fact 
that this relation is different for HG and SM has as a consequence that the predictions for 
T(Z — > ££), when expressed in terms of Gf, are different 2 



^HG 



1 



(M W TiRf 



Using the experimental bound |25j \yew ~ 

l| < 0.0028 at 95% CL one gets 
R£ G > 2.8 TeV 95% CL. 



(6.15) 



(6.16) 



Including radiative corrections reduces a bit this number, see Ref. [104] . 

Summarizing, the results of all the observables are collected in table 16. lj where it is clearly 
shown that the scale of the new physics in this scenario is above the TeV. 



2 The prediction for T(Z — + It) when written in terms of g is exactly the same for HG and SM 

M z g 2 



(6.14) 



It is the different relationship between g and the low energy parameter Gf what causes the discrepancy. 
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Z -» bb 


b — ► s + 7 




Gf 


M(TeV) 


1.0 


1.2 


[0.5,0.9] 


2.8 



Table 6.1: Bounds coming from the different observables to the mass of the first KK mode M. 



6.2 One latticized extra dimension 
6.2.1 The model 

The steps are nearly the same as in the previous section. It can be found that the spectrum is 
the same provided one changes m n — ► Mj, defined in Eq. H4.21jl . and considers the finiteness 
of the spectrum, i.e. i = 0, 1, . . . , N — 1. 

Again for the p parameter the nit proportional corrections are the same as in SM. The 
Yukawa sector is the usual one, but with the fermions coupled only to the zero-th copy of the 
Higgs doublet 

C Y = —QiXuHqUr + h.c, (6.17) 
and by resorting to the mass fields we find the important part for us 

N ~ 1 2 

£ y = E cos (H) t^PLdj + h.c. (6.18) 

n=l 

The are the physical degrees of freedom. Notice that the coupling is the SM one with the 
addition of an extra v2 factor and the presence of a cosine that vanishes in the limit of large 
N. The cosine appears because there is only one Higgs field. Finally the couplings with the 
Z boson can be obtained straightforwardly 

N-l 

C Z = ^-Z^ ("I + 24)[*+^r] + h.c. (6.19) 

i=i 

The absence of any cosine is because there are two Higgs fields. Thus the couplings of the Z 
are the same as for HG and the differences are encoded in the spectrum. With this we are 
prepared for extracting the different contributions. 



6.2.2 Bounds 

To extract the bounds, Ref. [108], we can use the results derived for HG. The corresponding 
results can be found from the ones in HG by adding an extra factor of cos 2 (nn/2N). The 
cosines appear only in the Yukawa vertices, and in every diagram that we consider there are 
always two of these vertices. In the case of the the radiative corrections to the Z — > bb decay 
the result is 



N-l 



2(1 -x)r n cos 2 (n7r/2 iV) 



w«) = i + 1 dx g - ^ 

= l + f 1 dx Y 2(l-s)aW(W2jV) 

Jo ^[(l-x)a 2 +A(N-l) 2 xsm 2 (mr/2N) V ' ' 
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Figure 6.3: The bounds on M as a function of the number of sites, N, in the LHG scenario. 



from the bound F(a) < 0.39 the bounds on M can be extracted as a function of N. 
The radiative corrections to b — ► S7 can be easily found from the HG ones 



N-l 



tf KG (M w ) = Cf M + 2^2 cos 2 {mr/2N)C^ 



(6.22) 



n=l 



where C™ is defined in Eq. I|6.7jl . The function that parametrizes the corrections to the B° — B° 
system is now 



, s, 2 A 1 y^ 1 2a 2 a:(l - x) cos 2 (n7r/2iV) dx 
lhgH - + J Q 2^ 4(iV - l) 2 sin 2 (n7r/2iV)(l - x) + a?x 

Finally, the branching ratio T{Z — > is modified to 



(6.23) 



^LHG 



r 



SM 



1_{M w kR\ 2 -2 



cos 2 (nvr/27V) 
2 V ^ - 1 ) ^ sin 2 (nvr/2iV) 



t E 



(6.24) 



With these expressions it is possible to extract bounds to the first mode as a function of 
the number of sites N, These bounds are displayed in Fig. 16.31 where it is shown that the 
continuous limit is rapidly reached. If the number of sites is small, the bound can be reduced 
by a factor of about 20%-40%, thus allowing new modes ranging between 1.5 — 2.0 TeV. 
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Chapter 7 

Outlook and conclusions 



The possibility of the existence of more dimensions different than those we can experience 
directly with our senses has been for a long time a very active field of interest for physicists. 
They were initially introduced to achieve a more elegant formulation of the equations of 
nature, soon the extra dimensions became a key piece in important theories like supergravity 
or string theory, which tried to give a quantum treatment to gravity. It was realized in the 
latter that, under some assumptions, the extra dimensions could be of the size as low as 
the TeV without contradicting any of the experimental results. Extra dimensions have been 
also studied using the quantum field theory formalism, and many extensions of the SM have 
been proposed. In general, the scale associated with the extra dimensions in these extensions 
is again of the order of TeV, what offers a relatively accessible, and rich, phenomenology for 
future experiments. Placing a new scale at the TeV has important consequences: it could solve 
the hierarchy problem, scenarios of grand unification are modified because the running of the 
coupling constants is greatly modified above this scale, the possible localization of the wave 
functions for the different fermions in the space of the extra dimensions could be the origin 
of the fermion masses, even the value of the cosmological constant could be modified, just to 
cite some. This variety of phenomena explains the interest in extra dimensional theories in 
the last years. 

Among the above mentioned extensions of the SM, there is one of special interest in which 
a single extra dimension is considered and all the fields propagate through it, a fact that gives 
it the name "universal extra dimension". In this scenario there are no tree-level modifications 
to the SM results, therefore all the corrections are, at least, one-loop suppressed. This outcome 
is a consequence of the local extra-dimensional Lorentz symmetry of the theory, which implies 
the existence of a "conserved" number called Kaluza-Klein number. Due to this suppression in 
the SM modifications, the scale of the new physics can be as low as hundreds of GeV, clearly 
a challenging situation for the next generation of accelerators. 

In the first part of this work we have studied in detail the phenomenology of this scenario. 
In particular, we have concentrated on observables that display a strong dependence on the 
mass of the top-quark, mt , because this enhances the corrections coming from the new physics: 
Z — > bb, p parameter and B° — B mixing. We have also studied the process b — ► 57; although 
it does not present a strong dependence with mt, the relative importance of the new physics is 
also enhanced because the SM contribution to this transition is suppressed. This is so because 
this process is forbidden at tree level due to gauge invariance and is only allowed through 
radiative corrections. The details of the study are given in Chapter [HI and the bounds on the 
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size of the compactification scale or, equivalently, on the mass of the first Kaluza-Klein mode 
are given in table 13. ll 

We have also studied a non-universal scenario, in which only the Higgs and gauge bosons of 
the SM are allowed to propagate through the extra dimension, we have given this scenario the 
name of HG. We have calculated the new physics contributions to several one loop processes 
which depend strongly on the top-quark mass and used them to set bounds on the mass of 
the lightest KK mode, M. The results are summarized in table 16. ll and compared with other 
relevant bounds found in the literature. 

In the HG case the new physics scale should be above 1 TeV but surprisingly in the UED 
case it can be well below the TeV. One might think that the scale for UED should be bigger 
than for HG since UED represents a bigger modification to SM than HG (because in HG only 
Higgs and gauge bosons propagate in the extra dimension). Nevertheless, the contributions 
of the fermionic KK modes in the UED case are such that produce several cancellations in 
the amplitudes. The reason is the above mentioned KK number conservation due to the local 
Lorentz symmetry. The lack of this symmetry in the HG case permits some observables to be 
modified already at the tree level; as a consequence the most restrictive bound comes from a 
very well measured quantity, Gf- 

These extra dimensional models are non-renormalizable because the coupling constants 
have canonical dimensions of mass to some negative power. This does not mean at all that 
these models should be wrong, on the contrary, this indicates that they must be regarded as 
effective field theories that are valid only below some scale at which new physics should enter to 
correct the bad behaviour of the theory. There is a class of string theories which could provide 
such a new physics, however, this is only one among the possible ultraviolet completions. 
Another kind of completion, proposed initially in Ref. (HUES 1321; used a discretization or 
lattization of the fifth dimension. In these models, the number of modes is finite and their 
masses are modified with respect to the continuous cases. As a possible extension of the SM, 
it is also interesting to study the phenomenology that stems from these scenarios. In this work 
we have studied the latticized versions of UED and HG, called LUED and LHG. Among the 
results we obtained, we found that the predictions are the same as in the respective continuous 
cases when the extra dimension is latticized in a relatively small number of (four dimensional) 
sites. For a very small number, the results show that in all cases the natural scale could 
be further lowered with respect to the continuous scenarios what makes more accessible the 
new physics for future experiments. The scale can be reduced by factor of about 10%-25%, 
thus allowing new modes ranging between 320 — 380 GeV in the case of UED and of about 
20%-40%, with the new modes ranging between 1.5 — 2.0 TeV in the case of LHG. The details 
can be found in Fig. 14.21 and Fig. 16.31 

On the other hand, it has been suggested that the existence of extra dimensions could make 
the gauge couplings to run as a power of the energy scale instead of the usual logarithmic 
running. This is a very interesting property because Grand Unification Theories in extra 
dimensions could achieve unification at much lower energies (few TEV) than the usual four 
dimensional GUT's. This would allow us to test unification at the planned accelerators, clearly 
a very exciting possibility. This scenario is also challenging from the theoretical point of view 
because gauge couplings in extra dimensions are dimensionful and gauge theories in extra 
dimensions are not renormalizable. Therefore, the behaviour of couplings can depend on the 
approach to renormalization of non-renormalizable theories: Wilsonian effective field theory 
or continuum effective theory. We have attempted a pure continuum effective field theory 
approach based in dimensional regularization. In this approach the running of couplings, at 
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most, logarithmic and power corrections are recovered as matching conditions at the (extra- 
dimensional) GUT scale. Therefore, to compute them one needs to know the complete details 
(full spectrum and pattern of symmetry breaking) of the GUT model. This is quite different 
from the usual four-dimensional GUT's that can be tested to good accuracy without knowing 
the details of the GUT model. 

To conclude, we have studied the phenomenology of two extra-dimensional models with 
all or only part of the SM particles propagating in the extra dimensions. We have also studied 
their latticized versions. We have focused on one-loop effects that display a strong depen- 
dence on the top-quark mass which contribute to observables which are measured with good 
precision. For the models considered, those effects provide the best limits on the compacti- 
fication radius. We have also studied the question of power-law running in extra dimensions 
by using the continuum effective field theory framework with dimensional regularization and 
discussed its impact in (extra-dimensional) GUT's. We found that, at difference from the 
four-dimensional case, unification can depend strongly on the details of the GUT model if it 
is dominated by power corrections. 



Chapter 7. Outlook and conclusions 
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